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S1 Derivation of the electrostatic Hamilto-
nian

This section is devoted to the evaluation of the electrostatic effective Hamil-
tonian Hes (i.e. Eq. (3) of the text) for the triply degenerate electronic state
Ty, in an octahedral system, which has JT active modes e, and tos with
1 = 1, 2. To the best of our knowledge, the derivation of the electrostatic
Hamiltonian up to quadratic terms containing bilinear and coupling terms
among JT active modes were not reported in the literature. To set up the
electrostatic Hamiltonian, we select the following electronic basis set [1]

ve =nCf(r)
wn = §Cf(r>
e = Enf(r), (S1)

where f(r) is an exponential or Gaussian radial function.

The electrostatic Hamiltonian H.s was expanded at the reference struc-
ture of the Ty, normal coordinates Q., Qq, Qg, Q and Qg for each JT
active mode up to second order including all possible coupling between e,
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and tog,
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771C2Q771Q<2 + n2<1QC1Qn27 (82)

(1) _ ([ OHes (2 _ 9 Hes (1) _ OHes
where Hr’' = (Wn-)o’ Hy = <8Q2 ) and Hz7 = <62QTier>o' Note

that the superscript 7;; € {€;;,0 J,ﬁw,nw, Gij}, where ¢ and j are 1 and 2.

Next step is to calculate the matrix elements of operators of types Hg )Qm
HY Q2 and HST)J QrQ, using electronic basis set of Ty, of Eq. (S1). These
matrix elements transform as do the components of the irreducible repre-
sentation Ty of the symmetry point group Oy, namely, £, n and (. Since
Qr, Qij and Q. Q,, do not operate on the electronic basis sets, it is required

to calculate matrix elements of HiilT)j, Hn) nd HTITJ Qr, QrQr and Q2
are considered as multiplying factors. For the evaluation of matrix elements,
we have used the method described in Ref. [2]. Since operators Hﬁ%, Hg%
and Hg ) have the same transformation properties as Qr., in and QrQ, we
should find irreps and their components according to which the operators in
and QQ,, transform. This can be understood easily by using the formula
of the irreducible products of operators Q and Q. [2]

M = <anQb>z=A<c>1”ZV(“ ; §) QB (83)

af

where := means equal by definition. Note that operators Q% and Qg trans-
form as do components a and 3 of irreducible representations a and b, respec-

tively, V' (Z g ;) coefficients corresponding to the the octahedral group

Oy, can be found in Ref. [2]. A(c) is the dimension of irreducible representa-
tions ¢ and the sum is over all possible components of a and b. For example,
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in the case of trigonal coordinates Q¢, Q, and Q, the sum is over the com-
ponents triply degenerate irrep Ty, of symmetry group Op. Note that if
c € a x b, Eq. (S3) spans the irrep ¢, otherwise is zero.

By employing the method described above, we proceed to derive the
Tog ® (tog + tog) part of JT problem. For other parts, the same method
is applicable. To handle this problem, we first consider the linear terms of
the to, components of Eq. (52). In this case, Hﬁil)’s transform as Ty,. Since

operators Hﬁl )s have the same transformation properties as Q. and the co-

ordinate Q;’s transforms according to the components of £, n and (, thus
non-zero matrix elements of linear JT Hamiltonian read

(VulQr |[¥0) = k€0 | Qr,s (S4)

where k7, is constant and €, is the Levi-Civita symbol, and p, v and 7 €
{&,n,(}. Therefore, the non-zero matrix elements are

(Ve Q¢ [thn) = K1, Qq (S5)

In the next stage, we should consider bilinear terms such as H(S)ﬁiQai Q3.
We need to know the transformation properties of Q. Q.. This can be un-
derstood by using Eq. (S3). Therefore, we have

s ado (e T Al
M2 = 2/3V (ng ng ng) Qi = —v2 [Qr=qr|
M = 2v3V (ng b Tc) Qe Qpe = —v2[Qg=Qp=|  (s0)

Toy Tog Top
61 gi T

For operators such as H,, B Qal Qg,, we have similar situations. Eq. (S6) tells

Coeflicients like V ( ) in Eq. (S6) can be found in Ref. [2].

that the corresponding matrix elements of operators Q2 QT2g Q&Zg QTQg
Qng QT2g in the diabatic electronic basis &, 7 and ¢ are proportional to M, TQg

MnT 2% and .Mci2g , respectively. Using this knowledge and the electronic bas1s
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set of Eq. (S1) help to evaluate of the matrix elements as follows,

<77Z)H‘Hai/8iQaiQBi ¢V> - <T2g’Haiﬁi T2g>v (’I:ig T(;Zg T;lg) QaiQﬁi
1
= \<T23|Haiﬁi T2g>(_%)lQaiQﬁi
B;
= BiQaiQﬂi (87)

We have used the following relation in the evaluation of Eq. (S7) [2]:

v (T2g Ty, ng) _

v a8 (S8)

1
_%|€'yaﬂ|

If we employ Eq. (S7), the matrix elements in the diabatic electronic basis
e, Yy and )¢ read,

<¢§|H§(iln)iQ€iQUi 1/}77> = BiQ&Qm
(el HL) Qe Qq ve) = BiQg Qg
(| H Qu Qe o) = BiQy Qs (S9)

Using Eq. (S9) leads to the following results:

<¢§|H§1772Q§1Q772 + H{zmQEsz |¢77> = bT(Q&Qm + Q&Qm)
(V| He, Qe Qo + Heat, Qe Qe [90) = b7 (Qe, Qe + Qe Qe
<7vb77|HmC2Q771 QC2 + HC1772QC1 Qm|¢€> = bT(Qm QC2 + QClan)v (SlO)

where coefficient b is proportional to (Tag|Ha,s|Tae). Finally, we should
evaluate the corresponding matrix elements of the quadratic terms in Eq.(S2).

Strictly speaking, we are interested in terms such as Hc(f)Qai2 and Hé}&aniQaj.
For the quadratic terms, we should find irreducible representations of Oy
point group of the operators Héf) and Hc(yl,)lJ Let consider the irreps E, and
Ay, and their components and use Eq. (S3). Thus, we have

B 1

Meig = 6 [QQGQ - Q&iQ - Qm2]

Ql

1
Mel?g = 5 [Q&z - sz}

S

1

MM = [Q§i2 + Qni2 + QGQ] (Sll)

S

3
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Solving Eq. (S11) in terms of M;?g, Mffg and M*™1# yields

1 1 1
2= MME— M — M
Q§1 \/g \/6 0; \/5 €

1 1 1
2o MME . ME— M
Qm \/§ \/6 6: \/5 €
2 1
Q2 = :7gﬂ4§g-+-;Z§A4Aﬂg. (S12)

We can repeat this calculation for term such as HS&J and summarize the

results as follows,

\/3 \/6 B 1
Q&Q§2 — Y2 phe M lg + FMEg
3 6 1
QmQﬂz - \/_MAlg \/_Mgg - _Mel?g
2% 922
3 6
QClQCz - iMAlg T \é_M;?g (813)

where i can be chosen 1 or 2. Egs. (S12) and (S13) indicate that the cor-
responding matrix elements of the operators H(gf)QaiQ and HSLJ Qu; Qo are

proportional to M;: g,ME ¢ and M*18. Thus, non-zero matrix elements of the
quadratic terms of Eq. (S2) reads

(e HP Qg + HPQ,? + HY' Q2
(| HP Qe + HPQ,2 + HY Q2

(W HP Qg2 + HPQ, + HY Q4

ve) = A(2Qs” = Q” = Qe?) + FHQe? + Q"+ Q%)
Uy) = Ai(2Q,° — Qe” — Q%) + T@§+Qm+Qg>

w() = Ai<2QCl QE: - 17,) T(Qﬁi +Q"7i +QCi )
(S14a)

(el HL Qe Qe, + HE, Quy Qs + HEL Qe Qe lve) = af (Qe,Qe, + Qyy Qs + Q0 Q) +
a3 (2Qe, Qe, — Qi Qe — Qi Qcs)
1 (QeQey + QnQu + Qe Q) +
5 (2Q0, Qn, — Q6 Qe, — Qe Q)
(el HOL Qe Qe + H, Quy Qs + HEL Qe Qelthe) = af (Qe, Qe + Qo Qu + Qe Qe) +

ag (QQQQ@ - Qfl Q& - QQO)
(S14b)

_|_

S

1 1
<¢7I |H§(122 Q& Q§2 + Hnll)ng Qm Qm + Hél)gz QC1 QC2 |¢77> =

+
s

+
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Here, coefficients A; are proportional to <T2g]H§22 ) |T4g). Note that coefficients

al o <T2g|H8i)Qj|T2g> where € € {&, i, G} and Q; € {&,m;, ¢} with 4,7 =
1,2. We used following relations [2]

V(Eg Tog T2g> :V<Eg Ty T2g> _ 1y (Eg Toy T2g> 1
0 & ¢ 6 n 2 6 ¢ ¢ 2¢/3

Aig b b -
V( . 5 7) = A(b)"265, (S15)

where A(b) is the dimension of irreducible representation b and 0 refers to
the Kronecker delta.

So far, we discussed how to calculate the matrix elements for the the
Tog ® (tog + tog) part of the JT Hamiltonian; Eq. (S4) refers to the matrix
elements for linear JT Hamiltonian, Egs. (S9), (S10) and (S14b) refer to the
matrix elements of the bilinear terms. Finally, Eq. (S14a) are the matrix
elements for the quadratic terms of the JT Hamiltonian. If one follows the
same computational method for the Ty, ® 2e, part of JT Hamiltonian, the
corresponding matrix Hamiltonians for this part JT Hamiltonian will be ob-
tained. For this part of JT Hamiltonian, we did not present the details of
calculations and restrict ourselves to the final results for matrix elements. In
this way, the electrostatic Hamiltonian H.s can be obtained by the aforemen-
tioned matrix elements. The final form of H.s was written down in Appendix

A.

S2 Potential energy surfaces
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Figure S1: Adiabatic PESs of the 2Ty, electronic state of W(CO)d" the both
components of e, modes and & components of ty,, modes. The computed
DFT data and the corresponding fitted lines are represented by circles and
solid lines, respectively.
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