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1. The convergence test of the thermal conductivity of monolayer and bilayer PG. 

 

Fig. S1 The convergence test of thermal conductivity under no and high strain with the 

Q-grid of the Brillouin zone for the case of infinite size (L=100 m) mono/bilayer PG.  

We find that the thermal conductivity of both monolayer and bilayer PG are well 

convergent with a 28×28×1 Q-grid. Besides, due to the tremendous computing 

workload (primitive cell of bilayer PG having 12 atoms; the cutoff interactions up to 

the 12th nearest neighbors; considering vdW interactions), a 28×28×1 Q-grid for bilayer 

PG is a large value that can be considered. 

 

  



2. Boltzmann transport equation (BTE) 

The lattice thermal conductivity (κ) is calculated by iteratively solving the linearized 

Boltzmann transport equation (BTE) for phonons1 as implemented in ShengBTE.2  

At thermal equilibrium, the phonons are obeying Bose−Einstein distribution n0. In 

the steady state with a temperature gradient T  generated, the new phonon 

distribution deviating from n0 can be obtained from the BTE: 
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where n  is the nonequilibrium distribution statistics, qv  means the phonon mode 

with a wave vector q and a polarization (branch)   ( qv can be shortened as λ 

( ,q v （ ）), qv  is the phonon group velocity which can be obtained by /qv qv q    , 

qv
 is the phonon frequency. When T  is assumed small enough, Eq. (1) can be 

linearized and re-written as:3 
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where 
( )qv qv qv qvF   

, which only considers three-phonon processes here,4, 5 can be 

solved iteratively starting with a zeroth-order approximation.2 Here, qv
is used as a 

correction term of deviation to the relaxation time approximation (RTA)6 results. qv
 

is the phonon relaxation time (phonon lifetime). The qv
 can be computed by 

perturbation theory:4, 5, 7 
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where N  is the number of discrete q sampling in the BZ, 

  and 

  respectively 

are three-phonon scattering rates of the absorption and emission processes, and 
  is 

the scattering possibility from the disorder of isotopic impurity.8 Based on the above 



solution, the L

  can be obtained.  



3. Effect of van der Waals (vdW) interaction 

The influence of functionals of vdW on thermal properties has not received enough 

attention. In this section we will discuss the effect of vdW interaction on thermal 

properties of PG.  

 

Table S1 Effect of exchange-correlation functionals on the thermal properties at 300K 

of heat capacity, thermal conductivity, frequency of ZA2 at Γ, phase space, average 

group velocity and the representative mean free path (rMFP). 

 Monolayer 

No-vdW 

Monolayer 

DFT-D 

Bilayer 

No-vdW 

Bilayer 

DFT-D 

Bilayer 

vdW-DF2 

Heat capacity (kJ/ 3m /K) 1717 1722 1733 1939 1885 

Thermal conductivity (W/mK) 491.4 518.2 591.3 562.8 590.5 

Frequency of ZA2 at Γ (THz) - - 0.672 2.643 2.134 

Phase space 810  9.692 9.686 4.820 4.700 4.880 

Average group velocity (m/s) 1828 1840 1805 1761 1729 

rMFP (nm) 4171 4019 4303 3090 3109 

 

Among all the implementations of vdW interactions, DFT-D9, 10 and vdW-DF211-14 

are two typical representative exchange-correlation functionals of vdW interactions, 

and we can gain a helpful estimation on the effect of vdW interactions on thermal 

properties of PG. The effects of exchange-correlation functionals on thermal properties 

of PG are shown in Table S1.  

 

 

Fig. S2 The comparison of strain dependent thermal conductivity with infinite size at 



room temperature when considering vdW interactions included (DFT-D) or not of (a) 

monolayer and (b) bilayer PG. 

 

For a comparison, we also presented the calculation results not considering vdW 

functionals which are comparable to what considering vdW functionals, suggesting that 

the impact of vdW functionals on the thermal conductivity can be ignored for 

monolayer PG. At the same time, for bilayer PG, whether to choose a functional to 

consider the vdW interactions slightly affects the results of calculated thermal 

properties except phonon dispersion (Frequency of ZA2 at Γ) and rMFP. It can be found 

that considering the vdW results in a slight increment in the thermal conductivity of the 

monolayer PG and a slight reduction in the thermal conductivity of the bilayer PG. We 

further calculate the thermal conductivity of monolayer and bilayer PG as a function of 

tensile strain (Fig. S2(a) and (b)). Tensile strains   generated by stretching the 

optimized lattice constant 0a  of unstrained structure in both in-plane directions can 

be calculated by 0=( / 1) 100%a a   , where a  is the optimized lattice constant of 

strained structure. In Fig. S2, it is easy to find that considering the vdW functionals 

results in an increment/decrement in the thermal conductivity of the monolayer/bilayer 

PG under every strain, which indicates that vdW functionals have little effect on thermal 

conductivity of PG. Fig. S3 presented the effect of considering vdW functionals on 

phonon group velocity, three-phonon scattering phase space and phonon lifetime for 

monolayer and bilayer PG under no strain. For monolayer PG, vdW functional has little 

effect on harmonic and anharmonic phonon properties (three-phonon scattering phase 

space). However, from Fig. S3(e) we can find that even though phonon lifetime has no 

difference in the frequency region beyond 10 THz, a slight increment occurs in the low 

frequency region (<10 THz). Therefore, the slight upward movement of the phonon 



lifetime in the low frequency region (Fig. S3(e)), that is, the decrease of phonon 

anharmonicity, will decrease the intrinsic phonon-phonon scattering and give rise to the 

slight increase of thermal conductivity when considering DFT-D for monolayer PG. 

The reason may lie in the strain attenuated interaction between the lone-pair electrons 

on C atoms and the bonding electrons from neighboring C atoms in PG, leading to the 

weakened phonon anharmonicity.15 

For bilayer PG, vdW functional has non-neglectable effect on both harmonic 

(group velocity in Fig. S3(b)) and anharmonic (lifetime in Fig. S3(f)) phonon properties. 

In Fig. S3(b), by considering vdW interactions using the vdW-DF2, there is an obvious 

shrinkage in the frequency of optical phonon branches and a decrement of group 

velocity of acoustic phonon branches. For DFT-D, in Fig. S3(f), not only an increment 

(in the frequency of 0-40 THz) but also a decrement (in the frequency of 2-10 THz) of 

phonon lifetime happens in some phonon modes. For vdW-DF2, in Fig. S3(f), a slight 

increment of phonon lifetime occurs in the low frequency region (<10 THz) which is 

the same as DFT-D for monolayer PG. The vdW-DF2 has little effect on thermal 

conductivity because of the results of decrement of group velocity coupled with 

increment of phonon lifetime. Thus, the slight downward movement of the group 

velocity (Table S1 and Fig. S3(b)) and of phonon lifetime in part of frequency region 

(1-10 THz) plays an important role in the slight decrement of the lattice thermal 

conductivity when considering DFT-D for bilayer PG. 

At present stage, we propose that the thermal conductivity of PG is not sensitive to 

DFT-D and vdW-DF2 vdW functionals. As a contrast, the thermal conductivity of 

graphene was reported to range from 1936 to 4376 W/mK and thermal properties have 

large difference with different XC functionals employed.16 Thus, it can be concluded 

that the pentagonal structure like PG is completely different from graphene when it 



comes to considering vdW functionals, which may lie in the buckled structure of PG.  

 

 

Fig. S3 Effect of vdW interactions on the mode level (a, b) phonon group velocity, (c, 

d) three-phonon scattering phase space and (e, f) phonon lifetime (from relaxation time 

approximation) for monolayer and bilayer PG, respectively. The dash lines in (c, d) 

mean the average value of phase space. 

  



4. The considered range of strain. 

 

Fig. S4 Pressure in x (y) direction as a function of tensile strain. 

  



5. The thermodynamic stability within considered range of strain 

 

Fig. S5 Phonon dispersion curves of monolayer PG along the Γ−X−M−Γ at (a) 0%, (b) 

3.25%, (c) 7.30%, (d) 10.55% and (e) 13.56% tensile strain. 

 

  



 

Fig. S6 Phonon dispersion curves of bilayer PG along the Γ−X−M−Γ at (a) 0%, (b) 

3.25%, (c) 7.30%, (d) 10.55% and (e) 13.56% tensile strain. 

  



6. The comparison of Grüneisen parameter between monolayer and bilayer PG 

 

Fig. S7 A comparison on mode level of Grüneisen parameter between monolayer and 

bilayer PG at high tensile strain (13.56%). 
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