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S1 PAW datasets

PAWGS and PAWQP are listed in Table S1. PAWGS is a slight modi�cation to the JTH

atomic datasets library v1.0 provided with abinit code, and PAWQP is an extension to

PAWGS with additional sets of partial waves and projector function.

S2 Character tables of space group #221

The character tables of the symmorphic space group #221 at high symmetry points and along

symmetry axes are summarized in Tables S2-S9. Point group operations {Rα} are described

in the Hermann-Mauguin notation. The irreducible representations in the �rst, second, and

third column are given in the notations of the Bilbao Crystallographic Server (Bilbao),S1,S2

Bouckaert-Smoluchowski-Wigner (BSW),S3 and point group (PG),S4 respectively.
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S3 Representation of an atomic orbital

An atomic orbital has the representation of the full rotation group Γatom. The character

χatom for an angular quantum number l and for either proper rotations {α} or improper

rotations {ᾱ} is described as

χatom
l {α} =

sin(l + 1
2
)α

sin 1
2
α

χatom
l {ᾱ} = (−1)l

sin(l + 1
2
)α

sin 1
2
α

(S1)

The Γatom's of s, p, and d orbitals for the groups of the wavevector at high symmetry points

are summarized in Tables S10-S13 and decomposed into the irreducible representations. This

procedure is based on ref. S5.

S4 Character of an equivalence representation

The character χequiv of an equivalence representation Γequiv for a space group operation

{Rα|Rn} is expressed by the trace of a matrix representation as

χequiv{Rα|Rn} = tr〈fk|{Rα|Rn}fk〉 (S2)

where fk(r) is written in the form of a Bloch function with a cell-periodic function gk(r) as

fk(r) = eik·rgk(r) (S3)

Here, k ·R−1
α r = Rαk · r and Rαk = k+Kα, where Kα is a reciprocal lattice vector, and

{Rα|Rn}fk(r) = eik·Rnei(k+Kα)·r{Rα|Rn}gk(r) (S4)
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Eqn (S2) then results in

χequiv{Rα|Rn} = eik·Rntr〈gk|eiKα·r|{Rα|Rn}gk〉 (S5)

Note that the phase factor eik·Rn comes from the translation operation {Rn}.

S5 Equivalence representation of an atomic arrangement

An atomic arrangement is expressed by a Bloch function in the form of eqn (S3) with

gk(r) =
∑
j

δ(r− rj) (S6)

where rj is the position of atoms. Eqn (S5) then leads to

χequiv{Rα|Rn} = eik·Rn
∑
j

eiKα·rjδ({R−1
α |Rn}rj − rj) (S7)

The Γequiv's of Ti, Sr, and O3 atoms for the groups of the wavevector at high symmetry points

are summarized in Tables S14-S17 and decomposed into the irreducible representations.

S6 Equivalence representation of a set of plane waves

Plane waves are sorted by |k+G| and a set of plane waves is expressed by a Bloch function

in the form of eqn (S3) with

gk(r) =
∑
j

eiGj ·r (S8)

where Gj is the reciprocal lattice vector. Here, Gj ·R−1
α r = RαGj ·r and RαGj = Gj +Kα,j,

where Kα,j is a reciprocal lattice vector. Eqn (S5) then leads to

χequiv{Rα|Rn} = eik·Rn
∑
j

δ(Kα +Kα,j) (S9)
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The Γequiv's of sets of plane waves for the groups of the wavevector at high symmetry points

are summarized in Tables S18-S21 and decomposed into the irreducible representations.

These procedures in Sections S4-S6 are based partially on ref. S5.

Table S1: Description of PAWGS and PAWQP specifying the state, matching radius rc, and
reference energy Eref

Atom State PAWGS PAWQP

rc (a0) Eref (Eh) rc (a0) Eref (Eh)
Sr 4s 1.81 −1.47 1.81 −1.47

5s 1.81 −0.13 1.81 −0.13
5s 1.81 1.50
4p 2.01 −0.81 2.01 −0.81
5p 2.01 1.00 2.01 0.25
5p 2.01 1.00
5p 2.01 1.75
4d 2.21 −0.04 2.21 −0.04
4d 2.21 1.00
5d 2.21 1.50 2.21 1.50

Ti 3s 2.30 −2.17 2.30 −2.17
4s 2.30 −0.14 2.30 −0.14
4s 2.30 1.50
3p 2.11 −1.31 2.11 −1.31
4p 2.11 0.75 2.11 0.00
4p 2.11 1.00
4p 2.11 1.50
3d 2.11 −0.08 2.11 −0.08
4d 2.11 0.75 2.11 0.75
4d 2.11 1.50
4d 2.11 2.25

O 2s 1.41 −0.87 1.41 −0.87
3s 1.41 1.00 1.41 0.50
3s 1.41 1.50
2p 1.41 −0.34 1.41 −0.34
3p 1.41 1.00 1.41 0.75
3p 1.41 1.50
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Table S2: Character table for the group of the wavevector at the Γ point [kΓ = 2π
a

(0, 0, 0)]
of the space group #221, which transforms isomorphically to the point group m3̄m (Oh)

Bilbao BSW PG 1a 2b 2′c 3d 4e 1̄f mg m′h 3̄i 4̄j

Γ+
1 Γ+

1 A1g 1 1 1 1 1 1 1 1 1 1
Γ−1 Γ−1 A1u 1 1 1 1 1 −1 −1 −1 −1 −1
Γ+

2 Γ+
2 A2g 1 1 −1 1 −1 1 1 −1 1 −1

Γ−2 Γ−2 A2u 1 1 −1 1 −1 −1 −1 1 −1 1
Γ+

3 Γ+
12 Eg 2 2 0 −1 0 2 2 0 −1 0

Γ−3 Γ−12 Eu 2 2 0 −1 0 −2 −2 0 1 0
Γ+

4 Γ+
15 T1g 3 −1 −1 0 1 3 −1 −1 0 1

Γ−4 Γ−15 T1u 3 −1 −1 0 1 −3 1 1 0 −1
Γ+

5 Γ+
25 T2g 3 −1 1 0 −1 3 −1 1 0 −1

Γ−5 Γ−25 T2u 3 −1 1 0 −1 −3 1 −1 0 1
a 1 : {1|Rn}, where Rn = n1a1 + n2a2 + n3a3, a1 = a(1, 0, 0), a2 = a(0, 1, 0), and

a3 = a(0, 0, 1), and n1, n2, and n3 are integer.
b 2 : {2001|0}, {2010|0}, {2100|0}.

c 2′ : {2110|0}, {211̄0|0}, {2101|0}, {21̄01|0}, {2011|0}, {2011̄|0}.
d 3 : {3+

111|0}, {3+
1̄1̄1|0}, {3

+
1̄11̄|0}, {3

+
11̄1̄|0}, {3

−
111|0}, {3−1̄1̄1|0}, {3

−
1̄11̄|0}, {3

−
11̄1̄|0}.

e 4 : {4+
001|0}, {4+

010|0}, {4+
100|0}, {4−001|0}, {4−010|0}, {4−100|0}.

f 1̄ : {1̄|0}.
g m : {m001|0}, {m010|0}, {m100|0}.

h m′ : {m110|0}, {m11̄0|0}, {m101|0}, {m1̄01|0}, {m011|0}, {m011̄|0}.
i 3̄ : {3̄+

111|0}, {3̄+
1̄1̄1|0}, {3̄

+
1̄11̄|0}, {3̄

+
11̄1̄|0}, {3̄

−
111|0}, {3̄−1̄1̄1|0}, {3̄

−
1̄11̄|0}, {3̄

−
11̄1̄|0}.

j 4̄ : {4̄+
001|0}, {4̄+

010|0}, {4̄+
100|0}, {4̄−001|0}, {4̄−010|0}, {4̄−100|0}.
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Table S3: Character table for the group of the wavevector at an X point [kX = 2π
a

(0, 1
2
, 0)]

of the space group #221, which transforms isomorphically to 4/mmm (D4h)

Bilbao BSW PG 1a 2y
b 2h

c 2h′
d 4y

e 1̄f my
g mv

h md
i 4̄y

j

X+
1 X+

1 A1g 1 · TRnk 1 1 1 1 1 1 1 1 1
X−1 X−1 A1u 1 · TRn 1 1 1 1 −1 −1 −1 −1 −1
X+

2 X+
2 B1g 1 · TRn 1 1 −1 −1 1 1 1 −1 −1

X−2 X−2 B1u 1 · TRn 1 1 −1 −1 −1 −1 −1 1 1
X+

3 X+
4 A2g 1 · TRn 1 −1 −1 1 1 1 −1 −1 1

X−3 X−4 A2u 1 · TRn 1 −1 −1 1 −1 −1 1 1 −1
X+

4 X+
3 B2g 1 · TRn 1 −1 1 −1 1 1 −1 1 −1

X−4 X−3 B2u 1 · TRn 1 −1 1 −1 −1 −1 1 −1 1
X+

5 X+
5 Eg 2 · TRn −2 0 0 0 2 −2 0 0 0

X−5 X−5 Eu 2 · TRn −2 0 0 0 −2 2 0 0 0
a 1 : {1|Rn}, where Rn = n1a1 + n2a2 + n3a3, a1 = a(1, 0, 0), a2 = a(0, 1, 0), and

a3 = a(0, 0, 1), and n1, n2, and n3 are integer.
b 2y : {2010|0}.

c 2h : {2001|0}, {2100|0}.
d 2h′ : {2101|0}, {21̄01|0}.
e 4y : {4+

010|0}, {4−010|0}.
f 1̄ : {1̄|0}.

g my : {m010|0}.
h mv : {m001|0}, {m100|0}.
i md : {m101|0}, {m1̄01|0}.
j 4̄y : {4̄+

010|0}, {4̄−010|0}.
k TRn = eiπn2
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Table S4: Character table for the group of the wavevector at an M point [kM = 2π
a

(1
2
, 1

2
, 0)]

of the space group #221, which transforms isomorphically to 4/mmm (D4h)

Bilbao BSW PG 1a 2z
b 2h

c 2h′
d 4z

e 1̄f mz
g mv

h md
i 4̄z

j

M+
1 M+

1 A1g 1 · TRnk 1 1 1 1 1 1 1 1 1
M−1 M−1 A1u 1 · TRn 1 1 1 1 −1 −1 −1 −1 −1
M+

2 M+
2 B1g 1 · TRn 1 1 −1 −1 1 1 1 −1 −1

M−2 M−2 B1u 1 · TRn 1 1 −1 −1 −1 −1 −1 1 1
M+

3 M+
4 A2g 1 · TRn 1 −1 −1 1 1 1 −1 −1 1

M−3 M−4 A2u 1 · TRn 1 −1 −1 1 −1 −1 1 1 −1
M+

4 M+
3 B2g 1 · TRn 1 −1 1 −1 1 1 −1 1 −1

M−4 M−3 B2u 1 · TRn 1 −1 1 −1 −1 −1 1 −1 1
M+

5 M+
5 Eg 2 · TRn −2 0 0 0 2 −2 0 0 0

M−5 M−5 Eu 2 · TRn −2 0 0 0 −2 2 0 0 0
a 1 : {1|Rn}, where Rn = n1a1 + n2a2 + n3a3, a1 = a(1, 0, 0), a2 = a(0, 1, 0), and

a3 = a(0, 0, 1), and n1, n2, and n3 are integer.
b 2z : {2001|0}.

c 2h : {2010|0}, {2100|0}.
d 2h′ : {2110|0}, {211̄0|0}.
e 4z : {4+

001|0}, {4−001|0}.
f 1̄ : {1̄|0}.

g mz : {m001|0}.
h mv : {m010|0}, {m100|0}.
i md : {m110|0}, {m11̄0|0}.
j 4̄z : {4̄+

001|0}, {4̄−001|0}.
k TRn = eiπ(n1+n2)
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Table S5: Character table for the group of the wavevector at an R point [kR = 2π
a

(1
2
, 1

2
, 1

2
)]

of the space group #221, which transforms isomorphically to the point group m3̄m (Oh)

Bilbao BSW PG 1a 2b 2′c 3d 4e 1̄f mg m′h 3̄i 4̄j

R+
1 R+

1 A1g 1 · TRnk 1 1 1 1 1 1 1 1 1
R−1 R−1 A1u 1 · TRn 1 1 1 1 −1 −1 −1 −1 −1
R+

2 R+
2 A2g 1 · TRn 1 −1 1 −1 1 1 −1 1 −1

R−2 R−2 A2u 1 · TRn 1 −1 1 −1 −1 −1 1 −1 1
R+

3 R+
12 Eg 2 · TRn 2 0 −1 0 2 2 0 −1 0

R−3 R−12 Eu 2 · TRn 2 0 −1 0 −2 −2 0 1 0
R+

4 R+
15 T1g 3 · TRn −1 −1 0 1 3 −1 −1 0 1

R−4 R−15 T1u 3 · TRn −1 −1 0 1 −3 1 1 0 −1
R+

5 R+
25 T2g 3 · TRn −1 1 0 −1 3 −1 1 0 −1

R−5 R−25 T2u 3 · TRn −1 1 0 −1 −3 1 −1 0 1
a 1 : {1|Rn}, where Rn = n1a1 + n2a2 + n3a3, a1 = a(1, 0, 0), a2 = a(0, 1, 0), and

a3 = a(0, 0, 1), and n1, n2, and n3 are integer.
b 2 : {2001|0}, {2010|0}, {2100|0}.

c 2′ : {2110|0}, {211̄0|0}, {2101|0}, {21̄01|0}, {2011|0}, {2011̄|0}.
d 3 : {3+

111|0}, {3+
1̄1̄1|0}, {3

+
1̄11̄|0}, {3

+
11̄1̄|0}, {3

−
111|0}, {3−1̄1̄1|0}, {3

−
1̄11̄|0}, {3

−
11̄1̄|0}.

e 4 : {4+
001|0}, {4+

010|0}, {4+
100|0}, {4−001|0}, {4−010|0}, {4−100|0}.

f 1̄ : {1̄|0}.
g m : {m001|0}, {m010|0}, {m100|0}.

h m′ : {m110|0}, {m11̄0|0}, {m101|0}, {m1̄01|0}, {m011|0}, {m011̄|0}.
i 3̄ : {3̄+

111|0}, {3̄+
1̄1̄1|0}, {3̄

+
1̄11̄|0}, {3̄

+
11̄1̄|0}, {3̄

−
111|0}, {3̄−1̄1̄1|0}, {3̄

−
1̄11̄|0}, {3̄

−
11̄1̄|0}.

j 4̄ : {4̄+
001|0}, {4̄+

010|0}, {4̄+
100|0}, {4̄−001|0}, {4̄−010|0}, {4̄−100|0}.

k TRn = eiπ(n1+n2+n3)

Table S6: Character table for the group of the wavevector along a ∆ axis [k∆ =
2π
a

(0, 1
2
u, 0), where 0 < u < 1] of the space group #221, which transforms isomorphically to

4mm (C4v)

Bilbao BSW PG 1a 2b 4c mv
d md

e

∆1 ∆1 A1 1 · TRn f 1 1 1 1
∆2 ∆2 B1 1 · TRn 1 −1 1 −1
∆3 ∆2′ B2 1 · TRn 1 −1 −1 1
∆4 ∆1′ A2 1 · TRn 1 1 −1 −1
∆5 ∆5 E 2 · TRn −2 0 0 0

a 1 : {1|Rn}, where Rn = n1a1 + n2a2 + n3a3, a1 = a(1, 0, 0), a2 = a(0, 1, 0), and
a3 = a(0, 0, 1), and n1, n2, and n3 are integer.

b 2 : {2010|0}.
c 4 : {4+

010|0}, {4−010|0}.
d mv : {m001|0}, {m100|0}.
e md : {m101|0}, {m1̄01|0}.

f TRn = eiπn2u
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Table S7: Character table for the group of the wavevector along a Σ axis [kΣ =
2π
a

(1
2
u, 1

2
u, 0), where 0 < u < 1] of the space group #221, which transforms isomorphically

to mm2 (C2v)

Bilbao BSW PG 1a 2′b mz
c m′d

Σ1 Σ1 A1 1 · TRne 1 1 1
Σ2 Σ4 B2 1 · TRn −1 1 −1
Σ3 Σ3 B1 1 · TRn −1 −1 1
Σ4 Σ2 A2 1 · TRn 1 −1 −1

a 1 : {1|Rn}, where Rn = n1a1 + n2a2 + n3a3, a1 = a(1, 0, 0), a2 = a(0, 1, 0), and
a3 = a(0, 0, 1), and n1, n2, and n3 are integer.

b 2′ : {2110|0}.
c mz : {m001|0}.
d m′ : {m11̄0|0}.

e TRn = eiπ(n1u+n2u)

Table S8: Character table for the group of the wavevector along a Λ axis [kΛ =
2π
a

(1
2
u, 1

2
u, 1

2
u), where 0 < u < 1] of the space group #221, which transforms isomorphi-

cally to 3m (C3v)

Bilbao BSW PG 1a 3b md
c

Λ1 Λ1 A1 1 · TRnd 1 1
Λ2 Λ2 A2 1 · TRn 1 −1
Λ3 Λ3 E 2 · TRn −1 0

a 1 : {1|Rn}, where Rn = n1a1 + n2a2 + n3a3, a1 = a(1, 0, 0), a2 = a(0, 1, 0), and
a3 = a(0, 0, 1), and n1, n2, and n3 are integer.

b 3 : {3+
111|0}, {3−111|0}.

c md : {m11̄0|0}, {m1̄01|0}, {m011̄|0}.
d TRn = eiπ(n1u+n2u+n3u)

Table S9: Character table for the group of the wavevector along a Z axis [kZ =
2π
a

(1
2
u, 1

2
, 0), where 0 < u < 1] of the space group #221, which transforms isomorphically to

mm2 (C2v)

Bilbao BSW PG 1a 2x
b mz

c my
d

Z1 Z1 A1 1 · TRne 1 1 1
Z2 Z2 A2 1 · TRn 1 −1 −1
Z3 Z4 B2 1 · TRn −1 −1 1
Z4 Z3 B1 1 · TRn −1 1 −1

a 1 : {1|Rn}, where Rn = n1a1 + n2a2 + n3a3, a1 = a(1, 0, 0), a2 = a(0, 1, 0), and
a3 = a(0, 0, 1), and n1, n2, and n3 are integer.

b 2x : {2100|0}.
c mz : {m001|0}.
d my : {m010|0}.

e TRn = eiπ(n1u+n2)
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Table S10: Representations of s, p, and d orbitals for the group of the wavevector at the Γ
point of the space group #221

m3̄m 1 2 2′ 3 4 1̄ m m′ 3̄ 4̄ Irreducible representations
Γatom

s 1 1 1 1 1 1 1 1 1 1 Γ+
1

Γatom
p 3 −1 −1 0 1 −3 1 1 0 −1 Γ−4

Γatom
d 5 1 1 −1 −1 5 1 1 −1 −1 Γ+

3 ⊕ Γ+
5

Table S11: Representations of s, p, and d orbitals for the group of the wavevector at an X
point of the space group #221

4/mmm 1 2y 2h 2h′ 4y 1̄ my mv md 4̄y Irreducible representations
Xatom

s 1 1 1 1 1 1 1 1 1 1 X+
1

Xatom
p 3 −1 −1 −1 1 −3 1 1 1 −1 X−3 ⊕ X−5

Xatom
d 5 1 1 1 −1 5 1 1 1 −1 X+

1 ⊕ X+
2 ⊕ X+

4 ⊕ X+
5

Table S12: Representations of s, p, and d orbitals for the group of the wavevector at an M
point of the space group #221

4/mmm 1 2z 2h 2h′ 4z 1̄ mz mv md 4̄z Irreducible representations
Matom

s 1 1 1 1 1 1 1 1 1 1 M+
1

Matom
p 3 −1 −1 −1 1 −3 1 1 1 −1 M−3 ⊕M−5

Matom
d 5 1 1 1 −1 5 1 1 1 −1 M+

1 ⊕M+
2 ⊕M+

4 ⊕M+
5

Table S13: Representations of s, p, and d orbitals for the group of the wavevector at an R
point of the space group #221

m3̄m 1 2 2′ 3 4 1̄ m m′ 3̄ 4̄ Irreducible representations
Ratom

s 1 1 1 1 1 1 1 1 1 1 R+
1

Ratom
p 3 −1 −1 0 1 −3 1 1 0 −1 R−4

Ratom
d 5 1 1 −1 −1 5 1 1 −1 −1 R+

3 ⊕ R+
5

Table S14: Equivalence representations of Ti, Sr, and O3 atoms in SrTiO3 for the group of
the wavevector at the Γ point of the space group #221

m3̄m 1 2 2′ 3 4 1̄ m m′ 3̄ 4̄ Irreducible representations

Γequiv
Ti 1 1 1 1 1 1 1 1 1 1 Γ+

1

Γequiv
Sr 1 1 1 1 1 1 1 1 1 1 Γ+

1

Γequiv
O3

3 3 1 0 1 3 3 1 0 1 Γ+
1 ⊕ Γ+

3

Table S15: Equivalence representations of Ti, Sr, and O3 atoms in SrTiO3 for the group of
the wavevector at an X point of the space group #221

4/mmm 1 2y 2h 2h′ 4y 1̄ my mv md 4̄y Irreducible representations

Xequiv
Ti 1 1 1 1 1 1 1 1 1 1 X+

1

Xequiv
Sr 1 1 −1 −1 1 −1 −1 1 1 −1 X−3

Xequiv
O3

3 3 1 −1 1 1 1 3 1 −1 X+
1 ⊕ X+

2 ⊕ X−3
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Table S16: Equivalence representations of Ti, Sr, and O3 atoms in SrTiO3 for the group of
the wavevector at an M point of the space group #221

4/mmm 1 2z 2h 2h′ 4z 1̄ mz mv md 4̄z Irreducible representations

Mequiv
Ti 1 1 1 1 1 1 1 1 1 1 M+

1

Mequiv
Sr 1 1 −1 1 −1 1 1 −1 1 −1 M+

4

Mequiv
O3

3 −1 1 1 1 −1 3 1 1 1 M+
1 ⊕M−5

Table S17: Equivalence representations of Ti, Sr, and O3 atoms in SrTiO3 for the group of
the wavevector at an R point of the space group #221

m3̄m 1 2 2′ 3 4 1̄ m m′ 3̄ 4̄ Irreducible representations

Requiv
Ti 1 1 1 1 1 1 1 1 1 1 R+

1

Requiv
Sr 1 1 −1 1 −1 −1 −1 1 −1 1 R−2

Requiv
O3

3 −1 −1 0 1 −3 1 1 0 −1 R−4

Table S18: Equivalence representations of sets of plane waves ei(kΓ+G)·r for the group of
the wavevector at the Γ point [kΓ=

2π
a

(0, 0, 0)] of the space group #221, which transforms
isomorphically to m3̄m (Oh). Plane waves are sorted by |kΓ+G| and labeled by a

2π
{kΓ+G}

a
2π
{kΓ+G} 1 2 2′ 3 4 1̄ m m′ 3̄ 4̄ Irreducible representations
{0, 0, 0} 1 1 1 1 1 1 1 1 1 1 Γ+

1

{1, 0, 0} 6 2 0 0 2 0 4 2 0 0 Γ+
1 ⊕ Γ+

3 ⊕ Γ−4
{1, 1, 0} 12 0 2 0 0 0 4 2 0 0 Γ+

1 ⊕ Γ+
3 ⊕ Γ−4 ⊕ Γ+

5 ⊕ Γ−5
{1, 1, 1} 8 0 0 2 0 0 0 4 0 0 Γ+

1 ⊕ Γ−2 ⊕ Γ−4 ⊕ Γ+
5

{2, 0, 0} 6 2 0 0 2 0 4 2 0 0 Γ+
1 ⊕ Γ+

3 ⊕ Γ−4
{2, 1, 0} 24 0 0 0 0 0 8 0 0 0 Γ+

1 ⊕ Γ+
2 ⊕ 2Γ+

3 ⊕ Γ+
4 ⊕ 2Γ−4 ⊕ Γ+

5 ⊕ 2Γ−5
{2, 1, 1} 24 0 0 0 0 0 0 4 0 0 Γ+

1 ⊕ Γ−2 ⊕ Γ+
3 ⊕ Γ−3 ⊕ Γ+

4 ⊕ 2Γ−4 ⊕ 2Γ+
5 ⊕ Γ−5

{2, 2, 0} 12 0 2 0 0 0 4 2 0 0 Γ+
1 ⊕ Γ+

3 ⊕ Γ−4 ⊕ Γ+
5 ⊕ Γ−5

{2, 2, 1} 24 0 0 0 0 0 0 4 0 0 Γ+
1 ⊕ Γ−2 ⊕ Γ+

3 ⊕ Γ−3 ⊕ Γ+
4 ⊕ 2Γ−4 ⊕ 2Γ+

5 ⊕ Γ−5
{3, 0, 0} 6 2 0 0 2 0 4 2 0 0 Γ+

1 ⊕ Γ+
3 ⊕ Γ−4

{3, 1, 0} 24 0 0 0 0 0 8 0 0 0 Γ+
1 ⊕ Γ+

2 ⊕ 2Γ+
3 ⊕ Γ+

4 ⊕ 2Γ−4 ⊕ Γ+
5 ⊕ 2Γ−5

{3, 1, 1} 24 0 0 0 0 0 0 4 0 0 Γ+
1 ⊕ Γ−2 ⊕ Γ+

3 ⊕ Γ−3 ⊕ Γ+
4 ⊕ 2Γ−4 ⊕ 2Γ+

5 ⊕ Γ−5
{2, 2, 2} 8 0 0 2 0 0 0 4 0 0 Γ+

1 ⊕ Γ−2 ⊕ Γ−4 ⊕ Γ+
5

{3, 2, 1} 48 0 0 0 0 0 0 0 0 0 Γ+
1 ⊕ Γ−1 ⊕ Γ+

2 ⊕ Γ−2 ⊕ 2Γ+
3 ⊕ 2Γ−3 ⊕ 3Γ+

4 ⊕ 3Γ−4
⊕3Γ+

5 ⊕ 3Γ−5
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Table S19: Equivalence representations of sets of plane waves ei(kX+G)·r for the group of the
wavevector at an X point [kX=

2π
a

(0, 1
2
, 0)] of the space group #221, which transforms isomor-

phically to 4/mmm (D4h). Plane waves are sorted by |kX+G| and labeled by a
2π
{kX+G}

a
2π
{kX+G} 1 2y 2h 2h′ 4y 1̄ my mv md 4̄y Irreducible representations
{0, 1

2
, 0}a 2 2 0 0 2 0 0 2 2 0 X+

1 ⊕ X−3
{1, 1

2
, 0}b 8 0 0 0 0 0 0 4 0 0 X+

1 ⊕ X+
2 ⊕ X−3 ⊕ X−4 ⊕ X+

5 ⊕ X−5
{0, 3

2
, 0}c 2 2 0 0 2 0 0 2 2 0 X+

1 ⊕ X−3
{1, 1

2
, 1}d 8 0 0 0 0 0 0 0 4 0 X+

1 ⊕ X−2 ⊕ X−3 ⊕ X+
4 ⊕ X+

5 ⊕ X−5
{1, 3

2
, 0}e 8 0 0 0 0 0 0 4 0 0 X+

1 ⊕ X+
2 ⊕ X−3 ⊕ X−4 ⊕ X+

5 ⊕ X−5
{1, 3

2
, 1}f 8 0 0 0 0 0 0 0 4 0 X+

1 ⊕ X−2 ⊕ X−3 ⊕ X+
4 ⊕ X+

5 ⊕ X−5
{2, 1

2
, 0}g 8 0 0 0 0 0 0 4 0 0 X+

1 ⊕ X+
2 ⊕ X−3 ⊕ X−4 ⊕ X+

5 ⊕ X−5
{2, 1

2
, 1}h 16 0 0 0 0 0 0 0 0 0 X+

1 ⊕ X−1 ⊕ X+
2 ⊕ X−2 ⊕ X+

3 ⊕ X−3
⊕X+

4 ⊕ X−4 ⊕ 2X+
5 ⊕ 2X−5

a a
2π
G's are (0, 0, 0), (0, 1̄, 0).

b a
2π
G's are (1, 0, 0), (1, 1̄, 0), (1̄, 0, 0), (1̄, 1̄, 0), (0, 0, 1), (0, 1̄, 1), (0, 0, 1̄), (0, 1̄, 1̄).

c a
2π
G's are (0, 1, 0), (0, 2̄, 0).

d a
2π
G's are (1, 0, 1), (1, 1̄, 1), (1, 0, 1̄), (1, 1̄, 1̄), (1̄, 0, 1), (1̄, 1̄, 1), (1̄, 0, 1̄), (1̄, 1̄, 1̄).

e a
2π
G's are (1, 1, 0), (1, 2̄, 0), (1̄, 1, 0), (1̄, 2̄, 0), (0, 1, 1), (0, 2̄, 1), (0, 1, 1̄), (0, 2̄, 1̄).

f a
2π
G's are (1, 1, 1), (1, 2̄, 1), (1, 1, 1̄), (1, 2̄, 1̄), (1̄, 1, 1), (1̄, 2̄, 1), (1̄, 1, 1̄), (1̄, 2̄, 1̄).

g a
2π
G's are (2, 0, 0), (2, 1̄, 0), (2̄, 0, 0), (2̄, 1̄, 0), (0, 0, 2), (0, 1̄, 2), (0, 0, 2̄), (0, 1̄, 2̄).

h a
2π
G's are (2, 0, 1), (2, 1̄, 1), (2, 0, 1̄), (2, 1̄, 1̄), (2̄, 0, 1), (2̄, 1̄, 1),

(2̄, 0, 1̄), (2̄, 1̄, 1̄), (1, 0, 2), (1, 1̄, 2), (1̄, 0, 2), (1̄, 1̄, 2), (1, 0, 2̄), (1, 1̄, 2̄), (1̄, 0, 2̄), (1̄, 1̄, 2̄).

Table S20: Equivalence representations of sets of plane waves ei(kM+G)·r for the group of the
wavevector at an M point [kM=

2π
a

(1
2
, 1

2
, 0)] of the space group #221, which transforms iso-

morphically to 4/mmm (D4h). Plane waves are sorted by |kM+G| and labeled by a
2π
{kM+G}

a
2π
{kM+G} 1 2z 2h 2h′ 4z 1̄ mz mv md 4̄z Irreducible representations
{1

2
, 1

2
, 0}a 4 0 0 2 0 0 4 0 2 0 M+

1 ⊕M+
4 ⊕M−5

{1
2
, 1

2
, 1}b 8 0 0 0 0 0 0 0 4 0 M+

1 ⊕M−2 ⊕M−3 ⊕M+
4 ⊕M+

5 ⊕M−5
{3

2
, 1

2
, 0}c 8 0 0 0 0 0 8 0 0 0 M+

1 ⊕M+
2 ⊕M+

3 ⊕M+
4 ⊕ 2M−5

{3
2
, 1

2
, 1}d 16 0 0 0 0 0 0 0 0 0 M+

1 ⊕M−1 ⊕M+
2 ⊕M−2 ⊕M+

3 ⊕M−3
⊕M+

4 ⊕M−4 ⊕ 2M+
5 ⊕ 2M−5

a a
2π
G's are (0, 0, 0), (1̄, 0, 0), (0, 1̄, 0), (1̄, 1̄, 0).

b a
2π
G's are (0, 0, 1), (1̄, 0, 1), (0, 1̄, 1), (1̄, 1̄, 1), (0, 0, 1̄), (1̄, 0, 1̄), (0, 1̄, 1̄), (1̄, 1̄, 1̄).

c a
2π
G's are (1, 0, 0), (2̄, 0, 0), (1, 1̄, 0), (2̄, 1̄, 0), (0, 1, 0), (0, 2̄, 0), (1̄, 1, 0), (1̄, 2̄, 0).

d a
2π
G's are (1, 0, 1), (2̄, 0, 1), (1, 1̄, 1), (2̄, 1̄, 1), (0, 1, 1), (0, 2̄, 1),

(1̄, 1, 1), (1̄, 2̄, 1), (1, 0, 1̄), (2̄, 0, 1̄), (1, 1̄, 1̄), (2̄, 1̄, 1̄), (0, 1, 1̄), (0, 2̄, 1̄), (1̄, 1, 1̄), (1̄, 2̄, 1̄).
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Table S21: Equivalence representations of sets of plane waves ei(kR+G)·r for the group of
the wavevector at an R point [kR=

2π
a

(1
2
, 1

2
, 1

2
)] of the space group #221, which transforms

isomorphically to m3̄m (Oh). Plane waves are sorted by |kR+G| and labeled by a
2π
{kR+G}

a
2π
{kR+G} 1 2 2′ 3 4 1̄ m m′ 3̄ 4̄ Irreducible representations
{1

2
, 1

2
, 1

2
}a 8 0 0 2 0 0 0 4 0 0 R+

1 ⊕ R−2 ⊕ R−4 ⊕ R+
5

{3
2
, 1

2
, 1

2
}b 24 0 0 0 0 0 0 4 0 0 R+

1 ⊕ R−2 ⊕ R+
3 ⊕ R−3 ⊕ R+

4 ⊕ 2R−4 ⊕ 2R+
5 ⊕ R−5

{3
2
, 3

2
, 1

2
}c 24 0 0 0 0 0 0 4 0 0 R+

1 ⊕ R−2 ⊕ R+
3 ⊕ R−3 ⊕ R+

4 ⊕ 2R−4 ⊕ 2R+
5 ⊕ R−5

{3
2
, 3

2
, 3

2
}d 8 0 0 2 0 0 0 4 0 0 R+

1 ⊕ R−2 ⊕ R−4 ⊕ R+
5

{5
2
, 1

2
, 1

2
}e 24 0 0 0 0 0 0 4 0 0 R+

1 ⊕ R−2 ⊕ R+
3 ⊕ R−3 ⊕ R+

4 ⊕ 2R−4 ⊕ 2R+
5 ⊕ R−5

{5
2
, 3

2
, 1

2
}f 48 0 0 0 0 0 0 0 0 0 R+

1 ⊕ R−1 ⊕ R+
2 ⊕ R−2 ⊕ 2R+

3 ⊕ 2R−3 ⊕ 3R+
4

⊕3R−4 ⊕ 3R+
5 ⊕ 3R−5

a a
2π
G's are (0, 0, 0), (0, 1̄, 0), (0, 0, 1̄), (0, 1̄, 1̄), (1̄, 0, 0), (1̄, 1̄, 0), (1̄, 0, 1̄), (1̄, 1̄, 1̄).

b a
2π
G's are

(1, 0, 0), (1, 1̄, 0), (1, 0, 1̄), (1, 1̄, 1̄), (2̄, 0, 0), (2̄, 1̄, 0), (2̄, 0, 1̄), (2̄, 1̄, 1̄), (0, 1, 0), (1̄, 1, 0), (0, 1, 1̄), (1̄, 1, 1̄),
(0, 2̄, 0), (1̄, 2̄, 0), (0, 2̄, 1̄), (1̄, 2̄, 1̄), (0, 0, 1), (0, 1̄, 1), (1̄, 0, 1), (1̄, 1̄, 1), (0, 0, 2̄), (0, 1̄, 2̄), (1̄, 0, 2̄), (1̄, 1̄, 2̄).

c a
2π
G's are

(1, 1, 0), (1, 2̄, 0), (1, 1, 1̄), (1, 2̄, 1̄), (2̄, 1, 0), (2̄, 2̄, 0), (2̄, 1, 1̄), (2̄, 2̄, 1̄), (1, 0, 1), (1, 0, 2̄), (1, 1̄, 1), (1, 1̄, 2̄),
(2̄, 0, 1), (2̄, 0, 2̄), (2̄, 1̄, 1), (2̄, 1̄, 2̄), (0, 1, 1), (0, 2̄, 1), (1̄, 1, 1), (1̄, 2̄, 1), (0, 1, 2̄), (0, 2̄, 2̄), (1̄, 1, 2̄), (1̄, 2̄, 2̄).

d a
2π
G's are (1, 1, 1), (1, 2̄, 1), (1, 1, 2̄), (1, 2̄, 2̄), (2̄, 1, 1), (2̄, 2̄, 1), (2̄, 1, 2̄), (2̄, 2̄, 2̄).

e a
2π
G's are

(2, 0, 0), (2, 1̄, 0), (2, 0, 1̄), (2, 1̄, 1̄), (3̄, 0, 0), (3̄, 1̄, 0), (3̄, 0, 1̄), (3̄, 1̄, 1̄), (0, 2, 0), (1̄, 2, 0), (0, 2, 1̄), (1̄, 2, 1̄),
(0, 3̄, 0), (1̄, 3̄, 0), (0, 3̄, 1̄), (1̄, 3̄, 1̄), (0, 0, 2), (0, 1̄, 2), (1̄, 0, 2), (1̄, 1̄, 2), (0, 0, 3̄), (0, 1̄, 3̄), (1̄, 0, 3̄), (1̄, 1̄, 3̄).

f a
2π
G's are

(2, 1, 0), (2, 2̄, 0), (2, 1, 1̄), (2, 2̄, 1̄), (3̄, 1, 0), (3̄, 2̄, 0), (3̄, 1, 1̄), (3̄, 2̄, 1̄), (2, 0, 1), (2, 0, 2̄), (2, 1̄, 1), (2, 1̄, 2̄),
(3̄, 0, 1), (3̄, 0, 2̄), (3̄, 1̄, 1), (3̄, 1̄, 2̄), (1, 2, 0), (2̄, 2, 0), (1, 2, 1̄), (2̄, 2, 1̄), (1, 3̄, 0), (2̄, 3̄, 0), (1, 3̄, 1̄), (2̄, 3̄, 1̄),
(0, 2, 1), (0, 2, 2̄), (1̄, 2, 1), (1̄, 2, 2̄), (0, 3̄, 1), (0, 3̄, 2̄), (1̄, 3̄, 1), (1̄, 3̄, 2̄), (0, 1, 2), (0, 2̄, 2), (1̄, 1, 2), (1̄, 2̄, 2),
(0, 1, 3̄), (0, 2̄, 3̄), (1̄, 1, 3̄), (1̄, 2̄, 3̄), (1, 0, 2), (2̄, 0, 2), (1, 1̄, 2), (2̄, 1̄, 2), (1, 0, 3̄), (2̄, 0, 3̄), (1, 1̄, 3̄), (2̄, 1̄, 3̄).
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