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Theoretical basis for titration modelling and evaluation

Protonation and sorption processes taking part on the edge sites can be described (modeled) by 
several types of Surface Complexation Models (SCM)1,2 from which the following models are the 
most utilized: Constant Capacitance Model (CCM), Diffusion Double Layer Model (DLM), and 
non-electrostatical Chemical Equilibrium Model (CEM). The processes taking part on layer sites are 
always described by classical Ion Exchange Model (IExM). Since hydroxyapatite can substitute 
Ca2+ for other cations, the necessity to involve IExM into HAp modelling seems to be obvious.

Modeling by IExM could be, but does not have to be taken into account in order to find out 
the most accurate fit. Therefore, six model combinations should be tested, namely, CCM, 
CCM+IExM, DLM, DLM+IExM, CEM and CEM+IExM. General parameters characterizing the 
nHAp and nTiO2 can be found in RES3T- Database3, which is constantly updated. Especially, with 
regards to nTiO2, there are different values of surface protolysis and sites density data taken from 
more than 20 articles. These values differ in the way of nTiO2 preparation and in its specific surface 
area. In the case of nHAp, in contrast to nTiO2, only 4 articles are cited. However, according to the 
literature3 the edge site density is approx. 0.3 mol∙kg-1 for nTiO2, and approx. 3 mol∙kg-1 for nHAp, 
which points to its potentially very good sorption.

The reactions taking place on the surface of nHAp or nTiO2 can be described by three 
equations (1) - (3). The first two are protonation reactions being in progress on edge sites, the third 
one describes the ion-exchange on layer sites.

 (1)≡ 𝑆𝑂 ‒ + 𝐻 + ⇔ ≡ 𝑆𝑂𝐻

(2)≡ 𝑆𝑂𝐻 + 𝐻 + ⇔ ≡ 𝑆𝑂𝐻 +
2

(3)≡ 𝑋𝑁𝑎 + 𝐻 + ⇔ ≡ 𝑋𝐻 + 𝑁𝑎 +

The equilibrium constants for reactions (1) - (3), K1, K2 and Kex respectively are given by equations 
(4) - (6):

` (4)
𝐾1 =

[𝑆𝑂𝐻]

[𝑆𝑂 ‒ ][𝐻 + ]
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(5)
𝐾2 =

[𝑆𝑂𝐻 +
2 ]

[𝑆𝑂𝐻][𝐻 + ]

(6)
𝐾𝑒𝑥 =

[𝑋𝐻][𝑁𝑎 + ]
[𝑋𝑁𝑎][𝐻 + ]

The balance equations of charge densities on edge sites (∑SOH) (7) and layer sites (∑X) (8) have to 
be taken into account in order to provide correct description of surface reactions:

[mol.kg-1] (7)∑𝑆𝑂𝐻 = [𝑆𝑂𝐻] + [𝑆𝑂 ‒ ] + [𝑆𝑂𝐻 +
2 ]

[mol.kg-1] (8)∑𝑋 = [𝑋𝐻] + [𝑋 ‒ ] = [𝑋𝐻] + [𝑋𝑁𝑎]

It is important to notice that the edge sites of the nHAp are characterized as ≡POH functional 
groups4, while nTiO2 edge sites are formed by ≡SOH groups.
The modeling procedure of the titration system can be characterized as follows: the total surface 
charge density, (Qcal)i, in the i-th point of the titration curve equals the sum of charge density on the 
edge sites, (QES)i, and on the layer sites, (QLS)i.1,5 Therefore, it holds:

(Qcal)i = (QES)i + (QLS)i (9)

Based on the character of titration curve and equations (10) and (11), the charge density is the 
function of pH. The values of (QES)i and (QLS)i can be calculated by means of equations (10) and 
(11), respectively: 

[mol.kg-1] (10)
(𝑄𝐸𝑆)𝑖 =

∑𝑆𝑂𝐻 ∙ (𝐾1 ∙ 𝐾2 ∙ [𝐻 + ]2 + 1)
𝐾1 ∙ 𝐾2 ∙ [𝐻 + ]2 + 𝐾1 ∙ [𝐻 + ]2 + 1

[mol.kg-1] (11)
(𝑄𝐿𝑆)𝑖 =

∑𝑋 ∙ [𝑁𝑎 + ]

[𝑁𝑎 + ] + 𝐾𝑒𝑥 ∙ [𝐻 + ]

The experimental value of the surface charge for i-th point of titration curve, (Qex)i, can be obtained 
using equation (12):

[mol.kg-1] (12)
(𝑄𝑒𝑥𝑝)𝑖 =

𝑉𝑖 × (𝐶𝑎,𝑖 ‒ 𝐶𝑏,𝑖 + [𝑂𝐻 ‒ ]𝑖 ‒ [𝐻 + ]𝑖)
𝑚𝑖

Where Vi [L] is the total volume of liquid phase; mi [kg] is the mass of solid phase; Ca,i [mol∙L-1] 
and Cb,i [mol∙L-1] are bulk concentrations of acid (e.g. HNO3) and sodium hydroxide in liquid 
phase, respectively, which are given by stock concentrations of acid and base solutions and by their 
consumptions during titration.

If the values of parameters K1, K2, Kex, ∑SOH and 

∑X, were sought, some non-linear multi-dimensional regression procedure should be used that deals 
with the fitting of experimental data, (Qexp)i, with model data, (Qcal)i. The software product 
FAMULUS6 and the proper code P46DNRLG.fm (code package STAMB 2015) based on the 
Newton-Raphson multidimensional nonlinear regression procedure were used. WSOS/DF (weighted 
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sum of squares of differences divided by number of degrees of freedom) was used as the criterion of 
goodness-of-fit.7

It is necessary to add that the basic assumption of the surface complexation models is the validity of 
Boltzman equation (13)1 quantifying the relation between the concentration of i-th-component in 
aqueous phase near the surface (in aqueous layer adhering to the surface), (Ci)s, and its bulk 
concentration, Ci, (13):

(Ci)s = Ci∙exp(-z∙ψ∙F/(R∙T)) (13)

where z is the charge of i-th component (valency), ψ [V] is the electrostatic potential, F [C.mol-1] is 
Faraday constant, R [J∙K-1∙mol-1] is gas constant and T [K] is the absolute temperature. The 
following dependences then hold between surface charge, σ [C∙m-2], and electrostatic potential, ψ, 
(14, 15, 16):

σ = G∙ψ (CCM) (14)

σ = 0.1174∙I1/2∙sinh(zi∙ψ∙F/(2RT)) (DLM) (15)

ψ = 0 and (Ci)s = Ci (CEM) (16)

where G [F∙m-2] is the so-called Helmholtz capacitance. 

Specific surface area, FTIR, XRPD and TEM

FTIR spectra (Fig. S1) have showed the characteristic vibration bands of both studied materials and 
are described in detail in the article.
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Fig. S1 FTIR spectrum of nTiO2 and nHAp.

Nanohydroxyapatite and nTiO2 diffractograms showed that both samples are single phase and 
structure of both materials were proven by library data8 comparison (Fig. S2).
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Fig. S2 nHAp (A) and nTiO2 (B) difractograms compared with library records ICDD PDF-2 database8 (version 2013) 
(HAp – card# 01-071-5048; TiO2 – card# 01-084-1285).

TEM characterization of nHAp and nTiO2 is shown in Figs. S3 and S4, respectively, and are 
described in detail in the article.

Fig. S3 TEM analysis of nHAp: A) TEM/BF micrograph showing the size and shape of nHAp, B) TEM/SAED 
diffraction pattern, C) comparison of the experimental SAED pattern and theoretically calculated XRD pattern of 

hydroxyapatite, D) TEM/EDX spectrum of nHAp.

A B
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Fig. S4 TEM/SAED analysis of nTiO2: A) TEM/BF micrograph showing the size and shape of nTiO2, B) TEM/SAED 
diffraction pattern, C) comparison of the experimental SAED pattern and theoretically calculated XRD pattern of 

anatase, D) TEM/EDX spectrum of nTiO2.

Estimate of crystallite size from electron diffraction patterns

The crystallite size was estimated from Scherrer equation that relates average crystallite size, L, 
with the full width of the diffraction peaks at half-maxima of the peaks (FWHM(q))9 :

L = (K⋅2π)/FWHM(q) (17)

The constant K is usually set equal to 0.89,10 while q represents diffraction vector (q = 4π⋅sin(θ)/λ, 
where θ is the diffraction angle and λ is the wavelength of diffracting electrons).9,10

Image analysis: calculation of particle size distribution and specific surface area

Image analysis of TEM/BF micrographs consisted in interactive measurement of particles using 
ImageJ11 and further processing of the measured values using our program MDISTR12,13. For each 
sample, more than 100 particles were measured with ImageJ. For each particle, we measured both 
minimal and maximal projected lengths (i.e. the smallest and the biggest diameter of the particle; 
morphological descriptors: MaxFeret and MinFeret). From the projected lengths we estimated 
average particle size (morphological descriptor: EqDiameter; (18)) and average asphericity 
(morphological descriptor: Elongation; (19)):

EqDiameter ≈ 1/2∙(MaxFeret+MinFeret) (18)

Elongation = MaxFeret/MinFeret (19)

In the next step, we employed our own MDISTR software package to calculate histograms, plot 
particle size distributions and total number and total surface area of the particles with given 
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distribution and total mass. If the MDISTR program is instructed to calculate total surface area of 
the investigated particles with total mass = 1 g, we obtain specific surface area that should be equal 
to the experimentally determined specific surface area from BET experiments (which is usually 
expressed in m2/g). The MDISTR package was originally developed for analysis of synthetic 
polymer systems with complex morphologies12-14, but later it has been extended to calculate also 
specific surface areas, considering various corrections due to particle shapes and/or particle surface 
roughness. Comparison of specific surface area models and BET experiments is summarized in Fig. 
S5.
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Fig. S5 Comparison of specific surface area models and BET experiment, A) nTiO2; B) nHAp; the model-based values 
(blue columns) were calculated with MDISTR software12 -14.

The HAp and TiO2 morphological descriptors, particle size distributions and overall semi-
quantitative characteristics of the observed nanoparticles (such as their roughness estimated from 
their shapes in higher magnification TEM/BF micrographs), were employed in the calculation of 
the specific surface area of the nanoparticles. The final calculated values from MDISTR program 
(Tab. 2 in the article) were compared with the experimentally determined specific surface areas 
from BET experiments (Fig. S5). The agreement between theoretical calculations based on TEM 
data including all corrections and the experimental results from BET experiments was very good. In 
both samples, the SAED-based crystallite sizes resulted in overestimation of specific surface area in 
comparison with BET experiments (Fig. S5, compare results of Model 1 and BET experiments), 
which implied that SAED-based crystallite sizes were too small, resulting in too high numbers of 
particles with too high specific surface area. This could be attributed to two facts: Firstly, the 
Scherrer equation is just an approximate relation, which yields lower bound of the volume-averaged 
crystallite size. Secondly, certain fraction of the nanocrystals (observed in TEM/BF micrographs) 
could be composed of two or more crystallites (whose size is estimated from TEM/SAED 
diffractograms). The above argument is confirmed by the fact that he estimate of specific surface 
area based on average crystal sizes which come from image analysis of TEM/BF micrographs was 
significantly closer to reality (Fig. S5, compare results of Model 2 and BET experiments). 
However, calculation with spherical particles with uniform size (constant particle size distribution) 
is just an approximation resulting in slight underestimation of specific surface area. We have to take 
into account the real particle size distribution (Fig. S5, Models 3), correction for particle elongation 
and flattening (Fig. S5, Models 4), and finally also correction for particle surface roughness (Fig. 
S5, Models 5). The corrections that are inserted as user-defined input, are either directly calculated 

A B
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(elongation) or merely estimated (flattening, roughness) from the shapes and/or contrast of 
nanoparticles in the TEM/BF micrographs.12 The change from uniform, constant distribution (Fig. 
S5, Models 2) to real, broadened distribution (Fig. S5, Models 3) is always accompanied by a 
decrease in total number of particles (and, as a result, also by a decrease of total surface area) 
because in the real, broadened distribution the bigger particles occupy more volume and less surface 
than smaller particles.12,14 The introduction of elongation and flatness corrections (Fig. S5, Models 
4) does not change the total number of particles, but somewhat increases their total surface area 
because the elongated and/or flat particles exhibit larger surface area than equivalent spherical 
particles. The introduction of roughness correction (Fig. S5, Model 5) further increases the total 
surface area, as the rough particles logically exhibit larger surface than smooth spheres, ellipsoids, 
or platelets. Although all corrections introduced into the program are rather approximate or even 
semi-quantitative, the final values were in a very good agreement with the specific surface areas 
from BET experiments, which confirms both the correctness of our MDISTR program package and 
reliability of our TEM analyses.
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