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The SM provides detailed illustrations on topological transition in the trimer SSH model, details and 

convergence tests for DFT calculations, explanations on the electron counting model, stability of the V chain, 

the effects of SOC and Hubbard U, method to compute the parameters for trimer SSH, and Wannier functions 

for intrinsic edge and spin-up channel of V-alloyed edge.

1. Mermin-Wagner theorem.
In this section, we briefly illustrate the Mermin-Wagner theorem in the 1D system by taking isotropic Heisenberg 

model as an example1,2. The quantum Heisenberg model with an external magnetic field  can be expressed as 𝐵0

(  and  are assumed to be 1 here):ℏ 𝜇𝐵

where the exchange integral  decays sufficiently fast with increasing 
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magnetization in thermodynamic limit is given as:
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In 1D, we could explicitly evaluate the upper bound of  as:𝑀(𝑇)

Therefore, there is no spontaneous magnetization in the 1D system because 
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 for  at finite temperature T. However, the Mermin-Wagner theorem is only valid for the 𝑀(𝑇) = 0 𝐵0 = 0

isotropic case and even weak anisotropy could lead to the emergence of magnetic order. Therefore, in our quasi-

1D system, because of the structural anisotropy, it is possible to stabilize the magnetic ordering at the edge. 

Furthermore, the spin-orbit coupling of the V atom or Mo atom could also provide extra anisotropy and help to 

stabilize the long-range order along the edge2.

2. Topological transition in trimer SSH model
In this section, we briefly summarized the topological transition of the 1D-chain based on trimer SSH model3. 

We mainly focus on the inversion symmetry preserved case, specifically, u  and . As the increment = 𝑣 𝜇𝐴 = 𝜇𝐶

of the inter-cell hopping integral w, the end states emerge with the Zak phase changing from 0 to 1, as shown in 

SI Fig.1. When the inversion symmetry is broken with u , the end state also can be realized, however, the ≠ 𝑣

two end states are not equal. Specially, when  or , there is only one end state localized at 𝑢 < 𝑤 < 𝑣 𝑣 < 𝑤 < 𝑢

either left or right end. Based on our Wannier function analysis, the intra-cell hopping integrals for the V-alloyed 

edge are very close and smaller than the inter-cell hopping, therefore, we can still observe two end states.

SI Figure 1.  (a) Evolution of the end states and (b) the Zak phase as the increment of the intercell hopping w. 

The figure is adapted from reference3. Reproduced with permission from Phys. Rev. A 99, 013833. Copyright 

2019 American Physical Society.

3. Electron counting model (ECM) in MoS2 systems and passivation of the bottom edge
We summarized the ECM in MoS2 based on literature4 in this section. ECM in MoS2 systems is determined 

by the charge allocation in S-Mo bonds. Basically, three types of charge distributions exist following different 

assumptions on the local symmetry and electron filling for S and Mo atoms. The counting details are elaborated 

on below:
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(a) 1.33e and 0.67e per S-Mo pair5. The model first considers the electron distribution in Mo atoms with the 

assumption that the local symmetry of Mo atoms is 6-fold. Since Mo atom has a chemical valence of  + 4

in MoS2, each Mo atom donates 4 electrons equally to 6 neighboring S atoms, leading to  4 ÷ 6 = 0.67

electrons per Mo-S bond. For S atom, two electrons occupy the lone pair state along z direction of the S and 

the remaining 4 valence electrons distribute equally to 3 nearby S atoms, leading to  electrons 4 ÷ 3 = 1.33

per Mo-S bond. Therefore, if two dangling bonds of the two S atoms at the edge form dimers, 1.33

 electrons will be excessive. We mainly applied charge allocations of 1.33e and 0.67e per S-× 2 ‒ 2 = 0.66

Mo pair to analyze the edge reconstructions at the S edge, inferred from the emergence of the reconstruction 

with 3 periodicities. ×

(b) 1.5e and 0.5e per S-Mo pair6. We consider the S atoms first and propose that 6 valence electrons of S atoms 

are distributed equally into the 4 bonds, including 1 lone pair state and 3 Mo-S bonds, resulting in 

 electrons per bond. For Mo atom, 3 of 4 valence electrons are distributed equally to 6 6 ÷ 4 = 1.5

neighboring S atoms, resulting in  electrons per Mo-S bond. The remaining  electron will 3 ÷ 6 = 0.5 1

transfer to the two partially occupied S lone pair states on the top and bottom surface equally.

(c) 1.66e and 0.33e per S-Mo pair6. For S atom, 5 electrons are distributed equally to 3 Mo-S bonds and each 

bond has  electrons. The remaining  electron is in the dangling bond. For Mo atoms, 2 of 4 5 ÷ 3 = 1.67 1

electrons are distributed equally to 6 Mo-S bonds, resulting in  electrons per Mo-S bond. The 2 ÷ 6 = 0.33

remaining 2 electrons transfer to the two partially occupied S dangling bonds on the top and bottom surface.

In addition, the long-range dipole-dipole interaction and electron transfers between the top edge and 

bottom edge may significantly affect their edge reconstructions. More importantly, the interaction and 

electron transfers may induce large numerical errors in the calculations of zigzag edges, leading to 

discrepancies between experiments and calculations7. Also, reconstructions of bare edges may induce a 

large structure distortion, which can be long-range. To reduce the quantum coupling and mechanical 

interactions between the two edges and investigate the edge states localized at either edge, pseudo-Hs with 

fractional charge are proposed to passivate the polar zigzag edges, based on the ECM. 

Because all the charge allocations satisfy ECM, as mentioned in the previous section, extra evidence is needed 

to determine the most stable passivation scheme. Recently, CK.Sin et al suggested that using 0.5 electrons and 

1.5 electrons to passivate the S and Mo edges induces the smallest structure distortion and can mimic the atomic 

structure of the bulk reasonably well6. Therefore, in this work, we applied two pseudo-Hs with 1.5 electrons to 

passivate the two dangling bands of the Mo atoms at the bottom edge.

4. Details and convergence tests for DFT calculations
In this section, the calculation details and convergence tests are illustrated. For DFT calculations, the Energy 

cutoff of the plane wave to expand the wavefunction was up to 500eV and ( , (  and (23 × 1 × 1) 11 × 1 × 1),
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 k-points were used to sample the Brillouin zone of the 1 , 2 , and 3  periodicities, respectively. 7 × 1 × 1) × × ×

Electronic relaxations were converged to 10-5 eV and ionic relaxations were converged until all atomic forces 

are less than 0.01 eV/ . The convergence tests for the energy cut-off, k-points sampling, vacuum thickness, and Å

width of the ribbon were carefully performed. The convergence tests for the energy cut-off, k-points sampling, 

vacuum thickness in y direction and z direction, and width of the ribbon were carefully performed in the V-

related supercell with 1  periodicity as an example, as shown in SI Fig. 2(a)~(e). For vacuum thickness in the ×

y direction, the energy for 20  is significantly lowered, probably because of the existence of the quantum Å

coupling between two edges. Therefore, we chose 30  in our calculations. In addition, for the convergence test Å

about the ribbon width, the super-linear curve indicates that the change of the total energy remains constant when 

a certain amount of Mo and S atoms are included in the system, serving as evidence of the convergence.

SI Figure 2. Convergence tests for (a) energy cut-off, (b) k-points sampling, (c) vacuum thickness in the y 

direction, (d) vacuum thickness in the z direction, and (e) thickness of the ribbon.

Moreover, the DFT+U method was clarified in this section. For systems with strong correlations, DFT usually 

fails in predicting the correct band gap8,9. One of the corrective approaches is to add Hubbard U corrections to 

the localized orbitals8. The idea of the U term is based on the Hubbard model10:

𝐻̂ =  ∑
< 𝑖,𝑗 > ,𝜎

𝑡𝑖𝑗𝑐
†

𝑖,𝜎𝑐𝑗,𝜎 + 𝑈∑
𝑖

𝑛𝑖,↑𝑛𝑖,↓,#(1)

where  is the hopping integral between nearest-neighboring atomic sites and U represents the onsite Coulomb 𝑡𝑖𝑗

repulsion, and other terms corresponding to the long-range Coulomb repulsion between different sites are 
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neglected. , , and  are electron density, electron creation, and annihilation operators. Based on the 𝑛𝑖,↑ 𝑐 †
𝑖,𝜎 𝑐𝑖,𝜎

Hubbard model, the DFT+U scheme is established with the Hubbard U term added to the localized d or f orbitals. 

Especially, because of the localization of 3d orbitals for transition metal atoms, Hubbard U values are generally 

required for accurate predictions11. For example, U = 3eV was widely used to treat the localized d orbitals of V 

atoms in V-based sulfide systems, such as VS and VS2
12. DFT+U method could enhance the prediction of the 

physical properties with considerably lower computational cost13. 

  To illustrate the influence of the Hubbard U, we further compared the band structures obtained from DFT 

method to those obtained from the DFT+U method shown in Fig. 2 in the manuscript. As shown in SI.Fig.3, If 

the Hubbard U term is not included, the spitting of the edge band in the spin-up channel and the spin-down 

channel is smaller due to the reduction of the exchange interaction. It will also result in the edge bands of the 

spin-up channel dominating near the Fermi level, rather than the spin-down channel when U = 3 eV is applied. 

The semiconducting nature is preserved, while the band edge shifts from the  valley to the X valley, as shown Γ

in SI.Fig.3. The gap of the spin-up channel is about 129 meV for the U = 0 case, which is comparable to the gap 

value of about 79 meV for the U = 3 eV case. The difference between the U = 0 and U = 3 eV cases indicates 

that the Coulomb interaction is crucial in determining the band structure of the edge bands.

SI Figure 3. Band structures for V-alloyed S-oriented edge for 3 periodicities when GGA method is applied. ×

The symbols follow Fig. 2 in the manuscript. 

5. Stability of the V chain
In this section, we first illustrated the stability of the interface between the V chain and the edge. We found 

that the formation energy of the V chain 3 periodicities is decreased from the S-poor to the S-rich condition, ×
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as shown in SI Fig.3. Remarkably, the formation energy is negative in the S-rich condition, indicating the 

stability of the V chain. Additionally, we also calculated the formation energy of two nearest-neighboring V 

atoms incorporated into the monolayer of MoS2 as the reference. Specifically, two V atoms are introduced into (

) monolayer to ensure a similar concentration. To make a fair comparison with the nearby V atoms at the 5 × 5

edge, the two V atoms replace the nearest-neighboring Mo sites in the monolayer. We found that the V atoms 

prefer to stay near the edge rather than in the bulk of the monolayer, as shown in SI Fig.4.

SI Figure 4. The formation energy of the V atoms alloyed S-oriented edges with 3  periodicities. The formation ×

energy of two nearest-neighboring V atoms in the bulk is taken as a comparison.

6. SCAN+ U method
In this section, method with a higher accurate exchange and correlation functional was applied to verify our 

findings. Because our system contains nearly 100 atoms and about 20  vacuum along the x and y directions, the Å

HSE calculation is time-consuming and beyond our computational capability. Instead, we try the strongly 

constrained and appropriately normed (SCAN) functional14 to give more evidence of the gap-opening nature 

when 3 periodicities are taken into consideration. It was believed that SCAN functional could give a more ×

accurate prediction of the band gap because the evaluation of the exchange-correlation functional is improved14. 

As shown in SI. Fig. 5, the band structure obtained by SCAN+U method is similar to that obtained from DFT+U 

method. However, the SCAN+U method predicted a larger band gap at the Fermi level, about nearly 155 meV. 

This is because the band gap is usually underestimated by GGA functional, while SCAN could provide a more 

accurate prediction. 
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SI Figure 5. Band structures for V-alloyed S-oriented edge for 3 periodicities when SCAN+U method is ×

applied with U = 3eV. The symbols follow Fig. 2 in the manuscript.

7. Effects of SOC
In this section, the calculation details of the non-colinear calculation were illustrated and the influence of the 

SOC was analyzed. Generally, two-step calculations are recommended to obtain the converging non-collinear 

spin configurations. First, we performed collinear calculations excluding the spin-orbit coupling to obtain a 

relaxed structure and roughly determined the ground state of the spin configuration (ferromagnetic or anti-

ferromagnetic). Then, we took the wave functions of the first step as the input to perform non-collinear 

calculations after including spin-orbit coupling. It often helps the code to find a true ground state rather than be 

trapped in the local minimum. The non-collinear calculations are often time-consuming, and it takes over 100 

electronic steps to complete one ion step in our calculations. Furthermore, because of the magnetic anisotropy 

caused by spin-orbit coupling, different orientations of the spin axes should be carefully examined, and the easy 

axis should be searched. Besides, the band structure of the SOC calculations was shown here. 
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SI Figure 6.  Comparison of edge states without and with SOC for the V alloyed edges with 3  periodicities. ×

(a) Spin-up channel without SOC; (b)spin-down channel without SOC; (c) with SOC.

8. Projected density states calculations
In this section, we have plotted the projected density states for V-alloyed S-oriented edge with 

3 periodicities, including the edge V and S atoms, and sub-edge Mo atoms, as shown in SI Fig.7. It can be ×

observed that V d orbitals at the edge and Mo d orbitals at the sub-edge mixed and dominated the electronic 

behavior near the Fermi level for the spin-down channel, which is consistent with our band-structure 

calculations. Also, the magnetized Mo d orbitals at the sub-edge contribute more than the V d orbitals at the 

edge, serving as an explanation that why Mo d orbitals dominate in our Wannier calculations.  
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SI Figure 7. Projected density states for V-alloyed S-oriented edge with 3 periodicities. The edge V d orbitals, ×

edge S p orbitals, and sub-edge Mo d orbitals are represented as red, yellow, and blue colors. The picks near the 

Fermi level for the spin-down channel are stressed.

9. Method to extract the three-band model from full Hamiltonian
In this section, we illustrated the numerical projection method to obtain the effective three-band Hamiltonian 

from the full Hamiltonian obtained from MLWF15. Because the three edge bands near the Fermi level are isolated 

from other bulk bands, it’s reasonable to assume that the three edge bands are nearly decoupled with the bulk 

bands and that the influence of the bulk bands can be safely neglected. We mainly focus on the eigenvalues and 

eigenvectors at  point since the gap is located at  point. Firstly, from MLWF, we obtained the three Γ Γ

eigenenergies, , , , with , and the corresponding wavefunctions of the full Hamiltonian at  𝐸1 𝐸2 𝐸3 𝐸1 < 𝐸2 < 𝐸3 Γ

point , , , near the Fermi level. Such three eigenenergies are corresponding to energies of  𝜓1 𝜓2 𝜓3
𝑘 = 0, ±

2
3

𝜋

for 1  periodicity based on band-unfolding analysis. The gap  is represented as . Next, to derive the × 𝐸𝑔 𝐸2 ‒ 𝐸1

effective Hamiltonian, we analyzed the contributions of different Wannier orbitals of the edge bands and chose 

the sets that contribute the most as the basis of the three-band Hamiltonian. For example, from our calculations, 

for the V-alloyed edge, the three Wannier functions of  shape contribute nearly 50% components of the  𝑑𝑥2 ‒ 𝑦2

edge bands. Therefore, we could use the three Wannier functions as the basis to project the full Hamiltonian to 

this much smaller Hilbert space. The projection operator is defined as:
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𝑃̂ =  
3

∑
𝑖 = 1

| �𝜙𝑖⟩⟨𝜙𝑖�|,

where  ) are the Wannier functions, which are treated as the basis of the effective Hamiltonian. Then 𝜙𝑖 (𝑖 = 1~3

the projected wavefunction can be written as , , and . If the three edge bands are totally decoupled 𝑃̂𝜓1 𝑃̂𝜓2 𝑃̂𝜓3

with the other bulk bands, we could simultaneously diagonalize the full Hamiltonian and the effective 

Hamiltonian, therefore, the , , and  can form an orthogonal basis. However, due to the coupling 𝑃̂𝜓1 𝑃̂𝜓2 𝑃̂𝜓3

between the edge bands and the bulk bands, the projection orbitals are not exactly orthogonal. Still, we could 

use the Gram-Schmidt process to obtain the orthogonal basis { , , } if the couplings between , 𝑃̂𝜓1 𝑃̂𝜓2' 𝑃̂𝜓3' 𝑃̂𝜓1

, and  are small16. Note, since we cared most about the wavefunctions near the Fermi level, we chose the 𝑃̂𝜓2 𝑃̂𝜓3

{ , , } as the projection order to preserve the wavefunction of . Finally, we could obtain the 𝑃̂𝜓1 𝑃̂𝜓2 𝑃̂𝜓3 𝑃̂𝜓1

effective Hamiltonian via:

𝐻̂𝑒𝑓𝑓 = (𝑃̂𝜓1,𝑃̂𝜓 '
2,𝑃̂𝜓 '

3)𝑑𝑖𝑎𝑔(𝐸1,𝐸2,𝐸3)(𝑃̂𝜓1,𝑃̂𝜓 '
2,𝑃̂𝜓 '

3) † .

 

10. Wannier functions of intrinsic S-oriented edge
In this section, we investigated the Wannier function sets to describe the three edge bands for the intrinsic S-

oriented edge. As shown in SI Fig.8(a)-(f), the major contributions of the edge bands are from  and  𝑑𝑥2 ‒ 𝑦2 𝑑𝑧2

orbitals mainly located at the edge Mo atoms at the S-oriented edge. The Wannier function analysis is also 

consistent with the edge Mo components obtained from DFT calculations, as shown in SI Fig.8(g). Because the 

contributions of the { } and { } sets are close and they are mixed to form the three-edge bands in the 𝑑𝑥2 ‒ 𝑦2 𝑑𝑧2

gap, we performed the projections for { } and { } sets and obtain the Hamiltonian based on each set 𝑑𝑥2 ‒ 𝑦2 𝑑𝑧2

separately. We then listed the onsite energy and hopping integrals based on the two sets in SI Table 1 with 

 applied. We noted that the hopping integrals of two sets are different and the { } set is more 𝑢 < 𝑣 < 𝑤 𝑑𝑧2

localized with smaller hopping integrals. The band-structure based on the { } and { } dominated 𝑑𝑥2 ‒ 𝑦2 𝑑𝑧2

Wannier functions are also shown in the SI Fig.8(h) and (I), respectively. Because of the mixture of the two sets 

and the influence of the bands from the bulk, neither of them could fully reproduce the dispersion relationship 

of the edge bands obtained from the DFT calculations. Still, it may indicate that the nearly flat edge bands are 

mainly from the large inequivalence of the hopping integrals between nearby { } orbitals, as shown in Fig. 𝑑𝑧2

8(I). Note we mainly focus on the { } dominated Wannier functions in the manuscript.𝑑𝑥2 ‒ 𝑦2

SI Table 1: Parameters of trimer SSH model according to the projection of the subspace spanned by three 

edge bands based on { } and { } dominated sets for the intrinsic edge at the  point, respectively. 𝑑𝑥2 ‒ 𝑦2 𝑑𝑧2 Γ

Here we have chosen the parameters to satisfy .𝑤 > 𝑢,𝑣
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Parameters 𝜇𝐴 𝜇𝐵 𝜇𝐶 𝑢 𝑣 𝑤

{ }𝑑𝑥2 ‒ 𝑦2 -2.93 eV -3.19 eV -2.73 eV 0.12 eV -0.28 eV 0.35 eV

{ }𝑑𝑧2 -2.62 eV -3.33 eV -2.89 eV 0.02 eV -0.25 eV 0.28 eV

SI Figure 8.  (a), (b), (c): Wannier representations and visualization of the { } set. (d), (e), (f):Wannier 𝑑𝑥2 ‒ 𝑦2

representations and visualizations of the { } set for the edge state of the intrinsic edge with 3  periodicities. 𝑑𝑧2 ×

The symbols follow Figure 4 in the manuscript. (g): Edge Mo component for the edge bands from DFT 

calculations. (h).(I): Three-band tight-binding models based on Wannier function sets { } and { }, 𝑑𝑥2 ‒ 𝑦2 𝑑𝑧2

respectively.

11. Wannier functions of the spin-up channel of V-alloyed edge
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In this section, we investigated the Wannier functions of the spin-up channel of the V-alloyed edge, which is 

located above the Fermi energy. The contributions of the spin-up channel are from  orbitals mainly located 𝑑𝑥2 ‒ 𝑦2

at three V atoms at the edge, as shown in SI Fig.9(a)~(c), which is different from the spin-down channel as 

illustrated in the manuscript. The Wannier function analysis is also consistent with the edge V components 

obtained from DFT calculations, as shown in SI Fig.9(d). Note, since the top edge band is largely mixed with 

the conduction bands, it’s difficult to obtain the accurate value of the hopping integrals from the three-band 

model. However, we can still find a gap opening of about 69meV near the 1eV above the Fermi level. Such gap 

opening can also be a signature of the edge reconstruction, similar to the spin-down channel. 

SI Figure 9.  (a), (b), (c): Wannier representations and visualizations for the edge states of the V alloyed edge 

with 3  periodicities in the spin-up channel. The symbols follow Figure 4 in the manuscript. (d): Edge V ×

component for the edge bands from DFT calculations.
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