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F75005 Paris, France

Contents

1 Optical characterizations of QDs 2
1.1 Molar extinction coefficients and Förster radii . . . . . . . . . . . . . . . . . . . . . . . . 2
1.2 Computation of parameter ∆N . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Experimental measurements of FRET efficiencies 4

3 Characterizations of the QD ligands 5
3.1 XPS analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
3.2 Calculation of ligands’ chain lengths . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

4 Mathematical derivations of FRET efficiencies 7
4.1 Fluorescence intensity of same-population QDs . . . . . . . . . . . . . . . . . . . . . . . 7
4.2 Fluorescence intensities of a heterogeneous mix of QDs . . . . . . . . . . . . . . . . . . . 8
4.3 Statistics of D-A couples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9
4.4 Expressions of the FRET efficiencies as functions of the D/A ratio . . . . . . . . . . . . 9

1

Electronic Supplementary Material (ESI) for Nanoscale.
This journal is © The Royal Society of Chemistry 2022



1 Optical characterizations of QDs

1.1 Molar extinction coefficients and Förster radii

Figure 1 gives the molar extinction coefficients σ(λ) of the four QD samples and their emission spectra.
To compute the Förster radii of the five different QD-QD couples, we fit the fluorescence spectra by
normalized Gaussian functions:

f(λ) =

exp

[
−
(

λ−λf

∆λ

)2
]

∆λ
√
π

(S1)

and calculate the overlap integral J defined by:

J =

∫
dλ fD(λ)σA(λ)λ

4, (S2)

where fD(λ) is the normalized Gaussian profile of the donor emission band and σA(λ) the molar extinc-
tion coefficient of the acceptor. The Förster radius is then given by[2]:

R0

nm
= 0.02108

(
κ2ϕ

n4

J

M−1 · cm−1 · nm4

)1/6

, (S3)

where κ =
√
2/3 is the orientation factor, ϕ the quantum yield of the donor and n = 1.33 the refractive

index of water. In the manuscript, the values of R0 are gathered in Figure 3f.
When APTES is added to the colloidal suspensions, we notice a global increasing of the extinction

coefficients (Figure S1). The effect of APTES is quite similar for the four samples. Quantitatively, we
calculate the relative increasing of their extinction coefficients, defined as:

∆σ(λ)

σex
=

σQD+APTES(λ)− σQD(λ)

σQD(λex)
, (S4)

and displayed in Figure S1. We clearly observe the same behaviours: the APTES-related increasing
of the extinction is characteristic of light scattering, consistent with QD aggregation. For QD1, which

gives rise to the smallest QD clusters [3], ∆σ(λ)
σex

can be fitted by a power law of type A+B · λn (Figure
S1), with a parameter n = −3.59 close to the ideal value of −4. Hence, in terms of UV-visible response,
the addition of APTES only leads to light scattering, without affecting the first excitonic peak and the
intrinsic electronic structure of QDs (this, indifferently from a QD sample to another).

QD1 QD2 QD3 QD4

+APTES +APTES +APTES +APTES

Figure S1: Top: UV-visible spectra of the four QD samples measured before (light colours) and after
(dark colours) addition of APTES, for a QD concentration of 10−7 M. Bottom: Relative increasing of
the corresponding extinction coefficients computed according to Eq. (S4). For QD1, the data are fitted
by a power law of type A+B · λn.
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Figure S3: Left: .

the values of G0 are estimated for the four samples. As illustrated in Figure S3a for a donor/acceptor
couple, we thus obtain:

ND =
1

G
(D)
0

Z �D
f

�ex

d� �D(�) and NA � N =
1

G
(A)
0

Z �D
f

�ex

d� �A(�). (S9)

The values of:
�N = NA � N � ND (S10)

are given in Figure 2f.
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Figure S2: (a) Scheme of the energy diagrams of a QD donor and a QD acceptor (top) and the cor-
responding absorption spectra σD/A(λ) (bottom). (b) Typical distribution of the excitonic states for
a single QD. (c) Effect of the statistical distribution G(λν(r)) of QD radii on the absorption spectrum
σ(λ) of a colloidal suspension.

1.2 Computation of parameter ∆N

In order to assess the numbers NA, ND and N of excitonic states implied throughout the cascade
relaxation paths pictured in Figure 4, we assume that they are proportional to the areas under the
curve of the corresponding absorption spectra (see Figure S2a). Indeed, as a first approximation, the
absorption spectrum of a single QD is an image of its density of states. Given quantum confinement,
this density of states is discrete (see Figure S2b). If Eν(r) depicts the eigenenergy of the νth exciton of
a QD of radius r, the QD absorption spectrum consists in a set of peaks located at the wavelengths:

λν(r) =
hc

Eν(r)
. (S5)

Then, at the macroscopic scale of a colloidal suspension, the size distribution of the QDs (centered at
the mean radius r0) gives rise to a heterogeneous broadening of the absorption peaks (see Figure S2c).
Each excitonic state ν is characterized by a Gaussian distribution G(λν(r)− λν(r0)), with:

G(x) = σ0 exp

[
−
( x

∆λ

)2
]
, (S6)

The resulting absorption spectrum σ(λ) consists in the convolution product of the single-QD density of
states ρ(λ) =

∑
ν δ(λ− λν(r)) and the Gaussian distribution of the QD radii:

σ(λ) =
∑

ν

δ(λ− λν(r)) ∗ G(λν(r)− λν(r0)) =
∑

ν

G(λ− λν(r0)). (S7)

Assuming that each excitonic state ν follows the same dispersion (as encoded by Eq. (S6) wherein the
amplitude σ0 and the width ∆λ do not depend on ν), the Gaussian functions G(λ−λν(r0)) have all the
same areas:

G0 =

∫
dx G(x). (S8)
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Hence, from Eq. (S7):
∫ ∞

λN (r0)

dλ σ(λ) =

N∑

ν=1

∫
dx G(x) = N ·G0. (S9)

As a result, we can deduce N from: (1) the computation of the area under the curve of the absorption
spectrum until the wavelength of the N th exciton; and (2) the knowledge of G0. Figure S3 shows how
the values of G0 are estimated for the four samples. As illustrated in Figure S2a for a donor/acceptor
couple, we thus obtain:

ND =
1

G
(D)
0

∫ λD
f

λex

dλ σD(λ) and NA −N =
1

G
(A)
0

∫ λD
f

λex

dλ σA(λ). (S10)

The values of:
∆N = NA −N −ND (S11)

are given in Figure 3f.

Figure S3: Molar extinction coefficients σ(λ) of the four QD samples. The first absorption peak is fitted
by a Gaussian function, from Eq. (S6). The quantity G0 is the area of this band.

2 Experimental measurements of FRET efficiencies

In order to compute ηD and ηA, defined as:

ηD(x) = 1− [D∗]

[D∗
◦]

and ηA(x) =
[A∗]

[A∗
◦]

− 1, (S12)

we fit the fluorescence spectra by Gaussian functions. For [A∗
◦] and [D∗

◦], the two QD populations are
not mixed. We fit the respective spectra by single Gaussian functions, whose areas give the values of the
fluorescence intensity [A∗

◦] and [D∗
◦]. When the two QD populations are mixed, we fit the fluorescence

spectrum of the mixture by a sum of two Gaussian functions. Their respective areas give the values of
the intensities [A∗] and [D∗].
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3 Characterizations of the QD ligands

3.1 XPS analysis

XPS measurements have been performed to estimate the chain lengths of the QD ligands. Figure S4
gives the spectra associated to the carbon content (1s state) of the four QD samples. We distinguish two
XPS peaks associated to carbon atoms involved in −COOH and −CH2− groups, respectively. Indeed,
QDs are capped with mercaptocarboxylic acids:

HS−(CH2)n−COOH. (S13)

Thus, the ratio ρ between the XPS signal of the COOH-related carbon atoms and that of the total
amount of carbon (as given by the %Area indicated on Figure S4) is given by:

ρ =
#COOH

#C
=

1

1 + n
. (S14)

Hence:

n =
1

ρ
− 1. (S15)

The values of n are given in Figure 3c.
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Figure S4: XPS spectra of the four samples QD1, QD2, QD3 and QD4 (deposited on silicon wafer)
related to carbon (1s state). The energy positions and the relative areas of the peaks associated to
COOH- and CH2-related carbon atoms are given. The ratio ρ defined by Eq. (S14) is deduced from the
%Area of the COOH-related XPS peak.

5



3.2 Calculation of ligands’ chain lengths

Thanks to the knowledge of their carbon numbers n, Eq. (S15), we can compute the lengths of the QD
ligands, whose geometry is drawn in Figure S5. In our experimental conditions, the carboxylic groups
are deprotonated and the electron is delocalized between the two oxygen atoms. Given the interatomic
distances [1] gathered in the table of Figure S5, the ligand length reads:

Llig(n) = 126 · n+ 256 (pm). (S16)

S O

O

⊖

109,5°
181 154 154

133

Llig(n) = (181 + 154n + 133) sin(54.75∘)
= 126 ⋅ n + 256

mean interatomic distance 
(pm)

C C 154

C S 181

C O 143

C O 124

C O 133

average

−S − (CH2)n − COO−

S O

O

⊖

109,5°
181 154 154

133

Llig(n) = (181 + 154n + 133) sin(54.75∘)
= 126 ⋅ n + 256

mean interatomic distance 
(pm)

C C 154

C S 181

C O 143

C O 124

C O 133

average

−S − (CH2)n − COO−

Figure S5: Left: Table gathering the mean values of the interatomic distances involved in the QD ligands,
extracted from [1]. Right: Typical geometry of the QD ligands.
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4 Mathematical derivations of FRET efficiencies

4.1 Fluorescence intensity of same-population QDs

We first consider a single monodisperse population of QDs aggregated by addition of APTES. Every QD
experiences a molecular quenching due to APTES which translates into the existence of non-radiative
relaxation paths, as modeled by the Jablonski-like diagram pictured in Figure S6. For a given QD
named X, we call X∗ its fluorescent state and NX the rank of the excitonic state which coincides with
the excitation wavelength. The lower excitonic states are then labelled by n ∈ J1,NXK. According to
Figure S6, the rate equations are:

d

dt
[NX ] = σX

ex ϕ− (ki + kq)[NX ], (S17)

d

dt
[n] = ki[n+ 1]− (ki + kq)[n], for 1 ⩽ n < NX , (S18)

d

dt
[X∗] = ki[1]− (kXr + kXnr)[X

∗], (S19)

where [m] is the population of state m ∈ {X∗}∪J1,NXK. The fluorescence intensity is thus proportional
to [X∗]. Here, we assume multi-step relaxation paths in order to account for the fact that the probability
of non-radiative relaxation increases with the number of states located between the excitation wavelength
and the band gap emission, i.e. with NX . Hence, ki results from the combination of internal conversion
(from an excitonic state n+ 1 to state n) and vibrational relaxation (within state n). The existence of
a quenching process due to an external coupling with APTES is encoded by the rate constant kq.

In steady-state regime, the time derivatives vanishes ( d
dt [m] = 0), and we get:

[NX ] =
σX
ex ϕ

ki + kq
, (S20)

[n+ 1] =

(
1 +

kq
ki

)
[n], (S21)

[X∗] = τ◦X ki [1], (S22)

with:

τ◦X =
1

kXn + kXnr
. (S23)

Equation (S21) is a geometric sequence which can be written:

[n+ 1] =

(
1 +

kq
ki

)n

[1], for 1 ⩽ n < NX . (S24)

σX
ex ϕ

X*

1

…

kq

ki

kX
r

kX
nr

UV excitation
NX

2
internal 
conversionvibrational 

relaxation

external 
coupling

Figure S6: Model of energy diagram and relaxation paths of a QD in interaction with APTES.
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Hence, for n = NX − 1:

[NX ] =

(
1 +

kq
ki

)NX−1

[1]. (S25)

As a result, from Eqs. (S20), (S22) and (S25), we obtain:

[X∗] = τ◦X σX
ex ϕ (1 + δk)

−NX , with δk =
kq
ki

. (S26)

4.2 Fluorescence intensities of a heterogeneous mix of QDs

We now consider a mix of two different monodisperse solutions of QDs. The APTES-mediated aggre-
gation gives rise to hetero-FRET between the donor QDs of the first population and the acceptor QDs
of the second one. Each FRET-active QD-QD couple is made of a donor D and an acceptor A. From
Eq. (S26), the fluorescence intensities of each QD when there is no heterogeneous mix are given by:

[D∗
◦] = τ◦D σD

ex ϕ (1 + δk)
−ND and [A∗

◦] = τ◦A σA
ex ϕ (1 + δk)

−NA , (S27)

according to the Jablonski-like diagram of Figure 4. When mixed and coupled, QDs follow new rate
equations. For any donor D, we have:

d

dt
[ND] = σD

ex ϕ− (ki + kq)[ND], (S28)

d

dt
[n] = ki[n+ 1]− (ki + kq)[n], for 1 ⩽ n < ND, (S29)

d

dt
[D∗] = ki[1]− (kDr + kDnr + µ(x) kT )[D

∗], (S30)

where kT is the particle-to-particle FRET rate constant and µ(x) is the number of acceptor QDs coupled
to the donor D. In steady-state regime, this triplet of equations leads to:

[D∗] =
σD
ex ϕ (1 + δk)

−ND

µ(x) kT + 1/τ◦D
. (S31)

The donor-related FRET efficiency ηD is then given by:

ηD = 1− [D∗]

[D∗
◦]

=
µ(x)

µ(x) + (r/R0)6
, (S32)

wherein R0 is the Förster radius and r is the D-A distance, related to kT by:

kT =
1

τ◦D

(
R0

r

)6

. (S33)

For any acceptor A, we get:

d

dt
[NA] = σA

ex ϕ− (ki + kq)[NA], (S34)

d

dt
[n] = ki[n+ 1]− (ki + kq)[n], for N < n < NA, (S35)

d

dt
[N ] = ν(x) kT [D

∗] + ki[N + 1]− (ki + kq)[N ], (S36)

d

dt
[n] = ki[n+ 1]− (ki + kq)[n], for 1 ⩽ n < N , (S37)

d

dt
[A∗] = ki[1]− (kAr + kAnr)[A

∗], (S38)

where ν(x) is the number of donor QDs coupled to the acceptor A. In steady-state regime, it reads:

[NA] =
σA
ex ϕ

ki + kq
, (S39)

[NA] = (1 + δk)
NA−N−1[N + 1], (S40)

[N ] =
ν(x) kT [D

∗] + ki[N + 1]

ki + kq
, (S41)

[N ] = (1 + δk)
N−1[1], (S42)

[A∗] = τ◦A ki [1]. (S43)
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Given Eqs. (S31) and (S32), we obtain:

[A∗] = τ◦A (1 + δk)
−NA

(
ν(x)

µ(x)
ηD σD

ex (1 + δk)
NA−ND−N + σA

ex

)
ϕ. (S44)

The acceptor-related FRET efficiency ηA is then given by:

ηA =
[A∗]

[A∗
◦]

− 1 = ηD
ν(x)

µ(x)

σD
ex

σA
ex

(1 + δk)
NA−(ND+N)

. (S45)

4.3 Statistics of D-A couples

On a purely statistical point of view (i.e. without other physical considerations than geometry), the
number of donors per acceptor (or acceptors per donor) follows a binomial distribution. For a given
QD, if S is the number of FRET-available sites in its vicinity (i.e. the number of neighbours which are
closed enough to perform FRET with it), the probability to have n donors amongst the S sites is:

PD(n) =

(
S
n

)
pnD (1− pD)S−n, (S46)

where pD is the probability to draw a donor QD amongst the whole QD population (made of the mix
of the two QD populations). Defining x as the donor-to-acceptor ratio of the mix:

pD =
x

1 + x
. (S47)

Indeed, by definition of x, we count x donor QDs for 1 acceptor QD, i.e. for (1 + x) QDs. Conversely,
the probability to have n acceptors amongst the S sites is:

PA(n) =

(
S
n

)
pnA (1− pA)

S−n, with pA =
1

1 + x
. (S48)

As a result, the average number ν(x) of FRET-available donor QDs per acceptor is the expectation
value of n within the probability distribution PD(n):

ν(x) = S · pD =
S x

1 + x
, (S49)

and the average number µ(x) of FRET-available acceptor QDs per donor is the expectation value of n
within the probability distribution PA(n):

µ(x) = S · pA =
S

1 + x
. (S50)

We notice that ν(x) = xµ(x) and, as expected, ν(∞) = S and µ(∞) = 0.
All the physical and chemical behaviour of the APTES-assisted QD aggregation is hidden within the

parameter S, which likely depends on the physicochemical interactions between QDs and APTES, the
growth dynamics of the QD clusters, the repulsive electrostatic interactions between QDs and the size
distributions of the two QD populations.

4.4 Expressions of the FRET efficiencies as functions of the D/A ratio

From Eqs. (S32) and (S50), the donor-related FRET efficiency reads:

ηD(x) =
1

1 + (r/R0)6 · (1 + x)/S
. (S51)

Experimentally, S is the only unknown parameter. The Förster radius R0 is computed from UV-Vis and
fluorescence spectroscopies (section 1.1) and the D-A distance r is calculated as the sum of the QD radii
(known from UV-Vis spectroscopy [3]) and the lengths of the QD ligands (from XPS measurements,
section 2). Then, from Eqs. (S45) and (S49), the acceptor-related FRET efficiency is given by:

ηA(x) = ηD(x) · x · σ
D
ex

σA
ex

·
(
1 +

kq
ki

)NA−(ND+N)

. (S52)
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