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I. STATISTICAL PROPERTIES OF THE TSRW MODEL

In the context of the fractal renewal theory, there have been studies on the statistical properties
of the stochastic processes [1-3]. For the convenience of readers and discussions of other sec-
tions, by calling some known results presented in Refs. [1, 3], in this appendix we give specific
discussions on the statistical properties of the TSRW model which are distinctly different from

other stochastic processes.

A. Number of renewals between time O and ¢

The probability of n transitions (including jumping from the CTRW state to the LW state and

jumping from the LW state to the CTRW state) between time 0 and ¢ is
Pi(n) = P(0,1,n) = (0(t, <t <ty41)), (S1)

in which 6(¢, < t < t,,1) is 1 if the event in the parenthesis occurs and 0 otherwise, which implies
that after » transitions, the evolving time ¢ should be 7, < t < t,,1, see Fig. 1 (c) of the main text.

The Laplace form of Eq. (S1) with respect to # is

00 In+1 1_ —STp+1
Py(n) = < f 0, <t< t,,+1)e‘”dt> = < f e‘”dt> = <e_””+>. (S2)
0 tn

Considering the fact that the first transition of the TSRW model is jumping from the CTRW

state towards the LW state, by making use of 7, = )i, 7;, we have

3 I- wr(s)

Py(n) = [w(s)w;(s)] — (83)

for even n, and

et I —w;(s)

Py(n) = [w,()] T [wi(s)] T ——22, (S4)

s

for odd n. Egs. (S3) and (S4) imply that for even transitions, the number of jumping from the
CTRW state to the LW state n, and the number of jumping from the LW state to the CTRW state

n; are both %, and for odd transitions, n, = %+ and n; = %5+

The average number of transitions in Laplace space can be obtained by making use of Egs. (S3)

and (S4), which is

RS w1 + wi(s)]
(n(s)) = ZO P = o e (S5)



Inverse transforming Eq. (S5) into the time domain, the average number of transitions is obtained,
while, the specific value of @ and S should be taken into account. After inserting Eqs. (12) and
(13) into Eq. (S5), and performing the inverse Laplace transform, the long time behavior of (n(7))

is

t, case 1,
Ta + TB
(0, 1)) = (n(t)) ~ #zﬁ case 2 (S6)
D= AT + By :
2
— 1% case3.
I'(d+ a)r,

From Eq. (S6), it can be seen that for both odd and even n, the average number of jumping from

@)

the CTRW state to the LW state (n,(7)) is approximately equivalent to =~ for long time limit,

1
t, case 1,
T, + T,B
1
= = —lﬁ’ 2,
(n,(0,1)) = (n(1)) T +A) case (S7)
1
—_— 17, 3.
Td+ay, = °0F°

B. The joint PDF of the forward recurrence time

The time E = ty, — t is called the forward recurrence time. If ¢y and #y,; are defined by
tv <t < ty41, then N is also a random variable, see Fig. 1 of the main text. Define f(z, E) to be
the PDF of the forward recurrence time E, it can be calculated by summing over N on the PDF

S, E,N),
f(t,E,N) = (0((E — tys1 + D)ty <t < ty;1))). (S8)
Double Laplace transforming Eq. (S8) with respect to ¢t — s and £ — u yields

f(s,u,N)

L f(E.N)} = ( f " dt fo ) A E5(E ~ iy + 1)
Iy

e*(S*u)INJrl _ e*(S*M)ZN

= (e ). (S9)

u-—=s

For even N, it is

P N) = [w:(s)w;(5)]* [w,(s) - wr(u)]’ (S10)

u-—=s




in which

(@) = [, ()] ;)]
(™) = [ ()],
(e TNy = g, (u), (S11)
are applied. Similarly, for odd N, it is
Fls.u.N) = [wr(s)wj(s)]zl[/tw_j(j) - wj(u)]wr(S). (S12)

After summing over N on f(s,u, N), we have

[wr(s) - wr(”)] + Q)r(S)[CUj(S) - a)j(u)]
(u = 9)[1 — w)w;(s)] ’

which is the expression of f(z, E) in double Laplace space [1]. If w,(s) = w;(s) = w(s), it reduces

f(s,u) = (S13)

to the result for the single-state process [3],

w(s) — w(u)
(=9I - w(s)]

It is important to calculate the joint PDFs of the forward recurrence time E provided that the

J(s,u) =

(S14)

particle is located in the CTRW state or in the LW state at time ¢, here we define them as f,(¢, E)
and f;(z, E), of which the double Laplace form are f.(s, ) and f;(s, u) respectively. By making use
of Eq. (S10), we have

wr(s) — wr(u)

few= > flsuN)=

Nt w91 - 0, (Hws)] 1)
and by making use of Eq. (S12), we have
fsn= > feun = 2l - 0w (S16)

N=0, N odd W= 9[- 0 (Dws)]
C. The persistence probability

Define P,(t, ¢+ 7) to be the probability of n transitions between time ¢ and ¢ + 7. The probability
of no renewal happening between time ¢ and ¢ + 7, i.e., the persistence probability, is the one we
care. Define P, (t,1+ 7) to be the persistence probability that the particle is located in the CTRW

state at time ¢ and no renewal happens between time ¢ and ¢ + 7, it can be calculated by
P ot,t+71) = f [+t E)dE. (S17)
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Define P; jo(t,t + 7) to be the persistence probability that the particle is located in the LW state at

time ¢ and no renewal happens between time ¢ and ¢ + 7, which is

Pjjot,t+71)= foo fi(t, E)dE. (S18)

Double Laplace transforming Eq. (S17) with respect to t — s and E — u yields
1 —sf(s,u)

Pr,r,()(s7 I/l) = (319)
us
and after inserting Eq. (S15) into Eq. (S19), it arrives at
Prro(s, ) = (u = $9)[1 — w(Hw;(s)] — slw.(s) - wr(u)], (S20)

us(u — s)[1 — w.(s)w;(s)]
which is the expression of the persistence probability P, (¢, + 7) in double Laplace space.

Similarly, double Laplace transforming Eq. (S18) with respect to t — s and £ — u yields

1 - Sf'(sa I/t)
Pjjo(s,u) = —————, (S21)
us
and after inserting Eq. (S16) into Eq. (S21), it arrives at
P, (s, u) = u—s—uw(s)w;(s) + sa)r(s)wj(u)’ (522)

us(u — $)[1 - w,()w ()]
which is the expression of the persistence probability P; ;o(t, ¢ + 7) in double Laplace space.

The persistence probability can also be obtained through a second way. Take P; ;((z,t + 1) for
example, define P;o(t,t + 7) to be the probability that no renewal happens between time ¢ and
t + 7 provided that the particle is located in the LW state, then the persistence probability can be

expressed as
Pjo(t,t+71)=Pi(O)P;o(t, 1+ 7), (S23)

where P;(7) is given by Eq. (6). P;o(z,t + 7) can be calculated by [3]

- s
Pios,u) = L1210, (s24)
us
in which f(s, u) is given by Eq. (S14). For 0 < 8 < 1, itis
us? — suf
Pio(s,u)  ———, S25
jo(s, ) us(u — s)s8 (525)
and for 1 < < 2,itis
T ub !l —
P; > S26
(s = 2= (S26)
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Inverse Laplace transforming Eqs. (S25) and (S526) yields

sin(r 1
Pio(t,t+ 1) = (B)B(1+T/l;,8,1 -B). (S27)
for0 < B < 1,and
B 1 1-8 1-8
P. - £ - 2
ot t+ 1) 7,TC-p) ks t+71)7"], (S28)
for 1 < < 2. Here
B(x;a,b) = f (1 = by, (S29)

is the incomplete 8 function. After inserting Eqs. (10), (S27), and (S28) into Eq. (S23), the

persistence probability P; ;o(t, + 7) is obtained.

II. MSDS OF THE CTRW STATE

To calculate the EAMSD of the CTRW state, the specific value of a and g should be taken into
account, i.e., Eq. (S7). After inserting Eq. (S7) into Eq. (18), for the weak aging case 7, < t, we

have
o2
t, case 1,
T, + Tﬁ
2 o’ i
Ax; (t o= 2, S30
(Ax; (D))cTrw T+ p) case (S30)
2
o
—taa 3’
T +ay, = O0°
and for the strong aging case #, > t, we have
o2
t, case 1,
T, + Tﬂ
(Ax; (D) T, 2 (S31)
= , case?2,
1, (1))CTRW r@),
2
O-—t;’_lt, case 3.
I'(a)7,

To calculate the ensemble averaged TAMSD Eq. (19), the specific value of @ and g still should

be taken into account. For case 3, after inserting Eq. (S7) into Eq. (19), we have
o2

'+ a)r,

o? A 1,

(1 + a)mA“(T)’ (532)

(02 (A, T))ctrw = |(ta+ 1) = (1 + T = A7 = (1 + D) 4 157

1
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in which Aa(%) =(1+ %)" - (’7")“. For the weak aging case 7, < T, from Eq. (S32) we have

E O ey ~ —L— A (S33)
W VY TN 1 ey, T
For the strong aging case ¢, > T, from Eq. (S32) we have
2 0-2 a—1
67, (A, T))etrw = t, A (S34)

Ha)T,

The calculations on Eq. (19) for case 2 can be performed in a similar way. For case 1, from Eq.
(S7) it can be obtained that (n,(t,, t, + 1)) = (n.(0,1)) = t/(T, + Tg), which is independent from the
aging time 7, and correspondingly,
2
T A
T, + Tﬁ

(67 (A, T))crrw = (S35)

Based on the above calculations, we have the ensemble averaged TAMSD of the CTRW state.
For the weak aging case t, < T,

2

7 A, case 1,
T, + T,B
2 o’ -1
o; (AT e ——T"A, 2, S36
(67, (A, T))ctrw T +A), case (S36)
2
o
— T A, 3,
I+ a)r, case
and for the strong aging case t, > T,
2
7 A, case 1,
T, + T,B
o2
(67 (A, T))crrw = £7IA,  case 2, (S37)
F(B)Tﬁ
2
O-—IZHA, case 3.
['(a)7,

III. MSDS OF THE LW STATE

The scaling Green-Kubo relation is a generalized formulation that is valid for systems with
long-range or non-stationary correlations for which the standard approach is no longer valid [4, 5].

It is defined by using the velocity correlation function,

Ct,t+1) =i+ 1)) = Ct"_2¢(;), (S38)



in which C > 0 is a constant, v > 1 is the exponent, and ¢(z) is a scaling function which is limited

by two power laws,

() <1z with2—v <8, < 1forz— 0,

#(z) < ¢,z with 6, > 1 —v forz — oo,

in which ¢; and ¢, are positive constants.

(S39)

For the LW state, The EAMSD can be calculated by making use of the scaling Green-Kubo

relation,

fdt2fdtlcv(tl’t2)
0
2Cfdt2t f(1+z) Yd(z)dz

2—t”f (1 +2)"¢(z)dz,
v 0

<x2(t)>LW

12

in which z = 2= is applied. Eq. (S40) can also be expressed as
(P (O)w = 2D, 1",
with
cC (™ .
D, =— f (I+2)7"¢(2)dz.
v Jo
After considering aging, the EAMSD becomes

A2 Ohw = ([x(t, + 1) - x(@)])

fott fott
f %f dColtr, 1)
tq tq

2Cfldt ftzdz (1 + 1) 220y
o 2 0 1V a t1+ta .

For the weak aging case ¢, < t, after omitting ¢, and introducing z = tz , 1t is

2C f dnty” f (1+2)7¢(z)dz

2D,t",

1R

1R

<Axt2a (H))w

with
D, = ¢ f (1 +2)7"¢(z)dz.
V- Jo

8

(S40)

(541)

(542)

(543)

(S44)

(S45)



For the strong aging case t, > t, Eq. (S43) can be approximately expressed as
! tr t : t
<sz2a(f)>Lw ~ 2Cf dt2t§’1 f dtltZ’qu(%)
0 0 §
2C1C
i, (S46)
v-=q-Dv-¢q)

in which ¢(z) ~ ¢,z™°' for small z with §; = 2 — v — ¢, and ¢ is the exponent of the variance of the

1R

velocity (V?(1)) ~ t with -1 < g <v - 1.

The ensemble averaged TAMSD of the LW state Eq. (21) can be calculated in the following
way. Considering A < T, in fact, the leading term of the integral in Eq. (21) is contributed by the
part with A < ¢ no matter what the aging time 7, is. Hence, utilizing the result of <Ax,za (1)) for the

strong aging case Eq. (S46), Eq. (21) can be approximately expressed as

1 ty+T—-A 2C1C
82 (A, T > — 1A dt
OADw =728 ), 5=q-Do-9
2¢,C t t
~ TINTI(1 + =) — (=)™, S47
For the weak aging case f, < T, itis
2C1C
o2 (AT ~ TN, S48
OB = G o~ 0 (49
and for the strong aging case t, > T, itis
2¢,C
(67 (A, T = - (AT, (549)

v-gq-Dv—-¢q*
Eqgs. (S44), (S46), (S48), and (S49) are the generic expressions of the MSDs of the LW state.

To obtain the specific results, the specific value of the power exponent @ and S should be taken

into account. The detailed calculations and the specific results are presented as follows.

A. casel, 1 < min{a,B} <2

After inserting Eqgs. (12) and (13) into Eq. (S22), the persistence probability can be approxi-

mately expressed as

5 W1 — Bl
P s ~ s SSO
0(s, u) To+Tg s(u—s) ( )
for long time limit. Compared Eq. (S50) with Eq. (S26), we have
B 1 1-8 1-8
Piiot,t+71) = —(t +
o 4D = gl D
Tp 1 1-81, L\1-8 T.1-
= t -7 -0+- . S51
T,+TgI'2-p) [(t) ( t) | (551
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After inserting Eq. (S51) into Eq. (23), the velocity correlation function is

_ 2B U s Ty Toi-p
OVt +1) =V T(I+TBF(2—,8)I [(t) 1+ t) | (S52)

Compared Eq. (S52) with the scaling Green-Kubo relation Eq. (S38), it can be seen that v = 3 -,

C = VZTTTﬁﬁ’ #(z) = [2'P — (1 + 2)'#], and ¢ = 0. Besides, since ¢(z) ~ ¢;z% for small z

with 6, =2 — v — g, we also have 6; = f— 1 and ¢; = 1 for small z. After substituting them into

Egs. (S44), (S46), (S48), and (S49), we have

2(8 - Drgv? s

TG-BT,+ Ty =~ <P
(A2 (O))rw = et g (S53)
Y £P t,>t
TA4-BTe+Tg =~ 77
and
2
TG _[2_;?; — )AH”, t,<T,
(O2 (A T))w = S (S54)
B 3-8
F(4—,8)(T0+Tﬁ)A , t,>T.
Note that, in calculating Eq. (S53), the result
D, = < [ asareu:
v Jo
_ TV’ ” -3 1-8 _ 1-8
- A=A , 0+ -0
_ 7?2 = ) “ s -3 _foo )
= T+ I —ﬁ)[j(; 7P+ 2P 3d: | (1+2 dz]
- -y (S55)

L'(4 = B) Ty + Tp)

is applied.

B. case2,0<f<landa>p

After inserting Eqgs. (12) and (13) into Eq. (S22), the persistence probability can be approxi-

mately expressed as

ust — su
Pjjo(s,u) = (S56)

us(u — s)s#’

10



for long time limit. Compared Eq. (S56) with Eq. (S25), we have
sin(n3) B (
m

8.1 -B). (S57)

Pj,j’()(t,t‘i'T): 1+T/[

After inserting Eq. (S57) into Eq. (23), the velocity correlation function is

2sin(7rﬁ) ( 1

1+71/t

e +1)=v

B, 1-B). (S58)

Compared Eq. (S58) with the scaling Green-Kubo relation Eq. (S38), it can be seen that v = 2,
C = M, #(2) = B(l%z;,B,l —,B), and g = 0. Besides, since ¢(z) ~ c¢;z7° for small z with
0, =2—-v—gq,wealsohave 6 =0and c; = B(ﬁz;ﬁ, 1 —ﬁ)
them into Egs. (S44), (S46), (S48), and (S49), we have

51n(7rﬁ) for small z. After substituting

, V(1 =P, t<t,
(Ax; (D)w = (859)
Ve, t, >,

and

- VA 1, < T,
(67 (A, T))w = (S60)
VA2 1, > T.

Note that, in calculating Eq. (S59), with introducing 7’ = the result

1+ ’
p, = & f (1 + 270z
vV Jo
2.3 00
- L0 f <1+z>‘219(—1 6,1~ B)dz

1% sm(ﬂ,B) f Cip -

= %’ (S61)

1

is applied.

C. case3d,0<a<landa<p

After inserting Eqs. (12) and (13) into Eq. (S22), it can be seen that P; o(z,¢ + 7) = 0 for long
time limit. This result is actually related to the state occupation mechanism (see Section III of the
main text), i.e., after inserting Eqgs. (12) and (13) into Egs. (9) and (10), we have P;(t) = 0 for

long time limit, which implies that the probability of finding the particle in the LW state is 0, and

11



not surprisingly Pj;o(t,t + 7) = 0. Hence, different from case 1 and 2, for case 3, Pj;o(t,t + 7)
can not be directly obtained from Eq. (S22). Instead, using Eq. (S23) is a compromise way to
acquire P;;o(t,t + 7) at intermediate timescales. The following discussions are divided into case

3a(0<a<pB<l)andcase3bD<a<1<pB<2).

1. case3a, 0<a<pfB<1

After inserting Eqgs. (12) and (13) into Eq. (10), we have

Pi(s) = L, (S62)
and
Tﬁ _
P(t)=——F 9P S63
i (1 +a-pB)r, (563)

which approaches to 0 for long time limit just as discussed above. For intermediate timescales,

inserting Eqgs. (S27) and (S63) into Eq. (S23) yields

WO+ 1)) = VP(t)Po(t, 1+ T)
— 2 s o—p SIN(TPB) 1 B
" 'T(+a —,B)Tat n B(l + T/t”B’l '8)' (S64)

Compared Eq. (S64) with the scaling Green-Kubo relation Eq. (S38), it can be seen that v =

2+a-p,C = vzrm;ﬁ_ﬁ)m M) §(z) = B(ﬁ;ﬁ’ 1 —,8), and ¢ = a — . Besides, since ¢(z) =~ ¢,z

for small z with 6; = 2 — v — g, we also have 9; = 0 and ¢; = B(%ﬂ;ﬁ, 1 —,8) ~ ﬁ for small z.
After substituting them into Eqs. (S44), (S46), (S48), and (S49), we have

2

N :ﬁ 4 5 [1 o Z(l +g))r (ﬁ)]tz“"ﬁ, t, <t

a — B, o —

(Ax; (D)rw = ) (S65)
4 2P t, >t

I'l+a-PB)r, ¢

and

2
ﬁ]‘d—ﬁAz, t, T,
A A e a — Tao
<5120(Aa T)>LW = - V2 (S66)
'B—l‘a_ﬁAz, t,>T.
I'l+a-p)1, ¢
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Note that, in calculating Eq. (S65), with introducing 7’ = %ﬂ, the result
C 00
D, = — f (I +2)7p(2)dz
v Jo

2
_ TV Sln(ﬂ'ﬁ)f (1 +Z) (2+af—ﬁ)B( B l_ﬁ) 7z

1

r'l+a-p)R2+a-p)1,
g sin(n3) f B(Z’; g1 - ﬁ) 41+ p
T 0
T sin(nB)
G+a-pB)r, n
_ Tgv [1 B I'd+a ]
I'G+a-p)r, I'2+a-pBIPB)

I'G+a-p)r,
1
T
_ ra 1 7 _'Bd /]
sin(zB) fo ¢l — 2y
2
(S67)
is applied. Besides, considering 0 < @ < 8 < 1, if a is treated as slightly smaller than g8, Eq. (S67)

2
can be approximately expressed as D, ~ ﬁ(l - D).

2. case3b,0<a<l<f<?2

After inserting Eqgs. (12) and (13) into Eq. (10), we have

Ty _
Pi(s) =~ Ls, (S68)
and
Pi(t) = Ts o (S69)
! ()7,

which still approaches to O for long time limit. For intermediate timescales, inserting Eqs. (S28)

and (S69) into Eq. (S23) yields

VWt + 1)) = VPOPot,t+ 1)
T, 1
L [r'F —(t+ 1) 7]
[a)re  TgI(2-p)
2
Tgv B 1-B T 1—,3]

= t* I+ - . S70
F@)I'2-P)1, ( t) ( t) (570)
Compared Eq. (S70) with the scaling Green-Kubo relation Eq. (S38), it can be seen that v =
2+a-4,C = _w ,$(2) = [P = (1 +2)'#], and ¢ = @ — 1. Besides, since ¢(z) =~ ¢,z

L@ 2—P)ra
for small z with 6; = 2 — v — ¢, we also have 6; = 8 — 1 and ¢; = 1 for small z. After substituting
them into Egs. (S44), (S46), (S48), and (S49), we have
27507 1 B 1 2rap

T, IG@+a-pB) TA+a)I2-pB) ’
2TﬂV2 a-1,3-4
L@@ =Pty “

t, < t,

(Ax; (D) = (S71)

, t,>1t,
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and

27507

Ta T DI B) TN, 1, < T,
e — a - B,
(67 (A T))w = ) (S72)
27pv a—1 A3-B
. AT t,>T.
F(@l'(4 - B,
Note that, in calculating Eq. (S71), with introducing 7’ = l%z the result
C 00
D, = — f (1 +2)7"¢(2)dz
v Jo
2 -
gV f —Qra-B)[ 1B 1-8
- (1+2) [z7 -1 +2)7"ldz
C+a-Bl (2 -p)re Jo
B T [F(Q)F(Z -p 1 ]
R+ a-Pr@IR-pPr,lTQ+a-p) «
2
1 1
_ - ] (S73)
T, ITG+a-6) TA+a)[2-8)
is applied.
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