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Figure S1. Morphology characteristic of β-NaYF4 nanocrystals: TEM images and histograms with average sizes of core (c) 

and core-shell (c-s) nanocrystals singly doped with (a) 0.1%, (b) 0.5%, (c) 1% and (d) 3% of Pr3+ ions.  
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Table S1. Average dimensions and shell thicknesses for samples presented in the Figure S1. 

Dopant: 
Average core 

diameter [nm] 

Average 
core-shell 

width [nm] 

Average 
core-shell 

length [nm] 

Average shell 
thickness in 
width [nm] 

Average shell 
thickness in 
length [nm] 

0.1% Pr3+ 16.50±0.90 18.7±1.1 23.6±1.4 1.1±1.0 3.6±1.2 

0.5% Pr3+ 15.8±1.0 20.76±0.83 2.50±0.91 

1% Pr3+ 19.2±1.2 22.5±1.4 29.9±1.5 1.7±1.3 5.4±1.4 

3% Pr3+ 17.7±1.2 20.3±1.4 26.8±1.2 1.3±1.3 4.6±1.2 
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Figure S2. X-ray powder diffraction for core and core-shell NaYF4 nanocrystals singly doped with 0.1%, 0.5%, 1%, 3%, 5% 

and 8% of Pr3+ ions as well as the template of the β-NaYF4.  
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Figure S3. Conventional fluorescence lifetime curves for NaYF4:0.5 % Pr3+
,
 15% Yb3+ @ NaYF4 nanocrystals measured at 482 

nm (blue curve) and 607 nm (orange curve) at room temperature. Excitation wavelength 444 nm.  

 

 

 

Figure S4. Parameters of short and long components of fluorescence lifetime decay curves for 

NaYF4:0.5%Pr3+
,15%Yb3+@NaYF4 nanocrystals measured at wide range of temperatures at (a-b) 482 nm and (c-d) 607 nm.  



 

 

Figure S5. Average values of τ50% and τ80% for core-shell samples co-doped with 15%Yb3+ and x% of Pr3+ ions. Emission at (a) 

607 nm and (b) 482 nm, respectively. 

 

 

Table S2. Average maximum slopes and average thresholds values with standard deviations for samples  

co-doped with 15% Yb3+ and 0.1%, 0.3%, 0.5% and 0.7% of Pr3+ ions for emission at 482 and 607 nm. 

Emission at 482 nm 

Sample Average maximum S Average PATH [kW/cm2] 

NaYF4:0.1%Pr 5.09 ± 0.14 523 ± 23 

NaYF4:0.3%Pr 7.23 ± 0.21 591 ± 37 

NaYF4:0.5%Pr 7.97 ± 0.78 654 ± 218 

NaYF4:0.7%Pr 8.3 ± 1.1 817 ± 130 

NaYF4:0.1%Pr@NaYF4 6.59 ± 0.20 315 ± 64 

NaYF4:0.3%Pr@NaYF4 8.20 ± 0.40 284 ± 69 

NaYF4:0.5%Pr@NaYF4 9.02 ± 0.13 281.3 ± 2.9 

NaYF4:0.7%Pr@NaYF4 8.87 ± 0.54 650 ± 147 

Emission at 607 nm 

Sample Average maximum S Average PATH [kW/cm2] 

NaYF4:0.1%Pr 4.79 ± 0.15 493.4 ± 7.5 

NaYF4:0.3%Pr 6.87 ± 0.33 533 ± 75 

NaYF4:0.5%Pr 8.40 ± 0.47 579 ± 214 

NaYF4:0.7%Pr 8.39 ± 0.47 776 ± 183 

NaYF4:0.1%Pr@NaYF4 6.22 ± 0.37 335 ± 42 

NaYF4:0.3%Pr@NaYF4 8.06 ± 0.26 358 ± 185 

NaYF4:0.5%Pr@NaYF4 8.60 ± 0.14 285.6 ± 6.1 

NaYF4:0.7%Pr@NaYF4 8.56 ± 0.21 629 ± 123 
 

 



 

Differential rate equations and modelling 

𝑑𝑁1

𝑑𝑡
= −𝐹 ∗ 𝜎𝐺𝑆𝐴 ∗ 𝑁(1) − 𝑤71 ∗ 𝑁(7) ∗ 𝑁(1) + 𝑤64 ∗ 𝑁(6) ∗ 𝑁(4) − 𝑊𝐶𝑅1 ∗ 𝑁(1) ∗ 𝑁(5) − 𝑊𝐶𝑅2 ∗ 𝑁(1) ∗ 𝑁(3) +

𝑏51 ∗ 𝑁(5)

𝜏5

+
𝑏41 ∗ 𝑁(4)

𝜏4

+
𝑏31 ∗ 𝑁(3)

𝜏3

+
𝑁(2)

𝜏2

∗ 𝑁𝑅2 ∗ 𝑁(2)                                                                                                            𝐸𝑞. 𝑆1 

𝑑𝑁2

𝑑𝑡
= 2 ∗ 𝑊𝐶𝑅2 ∗ 𝑁(1) ∗ 𝑁(3) +

𝑏42 ∗ 𝑁(4)

𝜏4

+
𝑏32 ∗ 𝑁(3)

𝜏3

−
𝑁(2)

𝜏2

+ 𝑁𝑅32 ∗ 𝑁(3) − 𝑁𝑅2 ∗ 𝑁(2)                                                        𝐸𝑞. 𝑆2 

𝑑𝑁3

𝑑𝑡
= −𝑊𝐶𝑅2 ∗ 𝑁(1) ∗ 𝑁(3) +

𝑏53 ∗ 𝑁(5)

𝜏5

+
𝑏43 ∗ 𝑁(4)

𝜏4

−
𝑁(3)

𝜏3

− 𝑁𝑅32 ∗ 𝑁(3) + 𝑁𝑅4 ∗ 𝑁(4)                                                           𝐸𝑞. 𝑆3 

𝑑𝑁4

𝑑𝑡
= 𝐹 ∗ 𝜎𝐺𝑆𝐴 ∗ 𝑁(1) − 𝐹 ∗ 𝜎𝐸𝑆𝐴 ∗ 𝑁(4) + 𝑤71 ∗ 𝑁(7) ∗ 𝑁(1) − 𝑤64 ∗ 𝑁(6) ∗ 𝑁(4) + 𝑤65 ∗ 𝑁(6) ∗ 𝑁(5) − 𝑤74 ∗ 𝑁(7) ∗ 𝑁(4) + 2

∗ 𝑊𝐶𝑅1 ∗ 𝑁(1) ∗ 𝑁(5) −
𝑁(4)

𝜏4

+
𝑏54 ∗ 𝑁(5)

𝜏5

+ NR54 ∗ N(5) − NR4 ∗ N(4)                                                    𝐸𝑞. 𝑆4 

𝑑𝑁5

𝑑𝑡
= 𝑤74 ∗ 𝑁(7) ∗ 𝑁(4) − 𝑤65 ∗ 𝑁(6) ∗ 𝑁(5) − 𝑊𝐶𝑅1 ∗ 𝑁(1) ∗ 𝑁(7) −

𝑁(5)

𝜏5

+ 𝐹 ∗ 𝜎𝐸𝑆𝐴 ∗ 𝑁(4) − 𝑁𝑅5 ∗ 𝑁(5)                         𝐸𝑞. 𝑆5 

𝑑𝑁6

𝑑𝑡
= −𝐹 ∗ 𝜎𝑌𝑏 ∗ 𝑁(6) +

𝑁(7)

𝜏𝑌𝑏

+ 𝑤71 ∗ 𝑁(7) ∗ 𝑁(1) − 𝑤64 ∗ 𝑁(6) ∗ 𝑁(4) − 𝑤65 ∗ 𝑁(6) ∗ 𝑁(5) + 𝑤74 ∗ 𝑁(7) ∗ 𝑁(4)            𝐸𝑞. 𝑆6 

𝑑𝑁7

𝑑𝑡
= 𝐹 ∗ 𝜎𝑌𝑏 ∗ 𝑁(6) −

𝑁(7)

𝜏𝑌𝑏

− 𝑤71 ∗ 𝑁(7) ∗ 𝑁(1) + 𝑤64 ∗ 𝑁(6) ∗ 𝑁(4) + 𝑤65 ∗ 𝑁(6) ∗ 𝑁(5) − 𝑤74 ∗ 𝑁(7) ∗ 𝑁(4)                𝐸𝑞. 𝑆7 

 

Values of 𝑁(𝑥) correspond population of respective levels. F is a flux and was calculated as: 

𝐹 =
𝐼𝑃

𝐸
=

𝐼𝑃 ∗ 𝜆

ℎ ∗ 𝑐
                                                                𝐸𝑞. 𝑆8 

where: 

𝐼𝑃 corresponds pump power density [
𝑊

𝑐𝑚2]. 𝜆 is an excitation wavelength (852 nm). Two remaining 

parameters, h and c, signify Plank constant (6.626 ∙ 10−34 𝐽 ∙ 𝑠) and speed of light in vacuum 

(299792458 
𝑚

𝑠
 ), respectively.  

 

Table S3. Parameters adopted to solve the DRE with description, value and unit. 

Parameter  Description Basic value Unit 
Reference or 
justification    

τ2
* Lifetime of level 3H5 in Pr3+ ions 125.6·10-3 s 1 

τ3
* Lifetime of level 3H6 in Pr3+ ions 52.4·10-3 s 1 

τ4 Lifetime of level 1G4 in Pr3+ ions 128·10-6 s 2 

τ5 Lifetime of level 3P0 in Pr3+ ions 30·10-6 s 3 

τYb Lifetime of 2F5/2 of Yb3+
 ions 7.5·10-4 s 4 

NR54
* Rate of nonradiative transition 3P0→1G4 in Pr3+ 3.84·10-8 

1

𝑠
 5 

NR43
* 

Rate of nonradiative transition  1G4→3H6 in 
Pr3+ 

1.15 
1

𝑠
 5 

NR32
* 

Rate of nonradiative transition  3H6→3H5  in 
Pr3+ 

89132.2 
1

𝑠
 5 



NR21 
Rate of nonradiative transition  3H5→3H4  in 

Pr3+ 
130321.7 

1

𝑠
 5 

W71 
Rate of ET 

[Yb3+:2F5/2, Pr3+: 3H4]→[Yb3+:2F7/2, Pr3+: 1G4] 
1.2·10-16 

𝑐𝑚3

𝑠
 

6 

W74 
Rate of ETU 

 [Yb3+:2F5/2, Pr3+: 1G4]→[Yb3+:2F7/2, Pr3+: 3P1] 
1.2·10-16 

𝑐𝑚3

𝑠
 w74=w71 

W64 
Rate of ET 

[Yb3+:2F7/2, Pr3+: 1G4]→[Yb3+:2F5/2, Pr3+: 3H4] 
4·10-18 

𝑐𝑚3

𝑠
 w64=w71/30 

W65 
Rate of ETU 

[Yb3+:2F7/2, Pr3+: 3P1]→[Yb3+:2F5/2, Pr3+: 1G4] 
1.6·10-16 

𝑐𝑚3

𝑠
 

4 

WCR1
* Rate of [3P1,3H4]→[1G4, 1G4] CR process in Pr3+ 1.1·10-18 

𝑐𝑚3

𝑠
 

4 

WCR2
* Rate of [3H6,3H4]→[ 3H5, 3H5] CR process in Pr3+ 1.1·10-18 

𝑐𝑚3

𝑠
 WCR2=WCR1 

σESA 
Absorption cross section of Pr3+

 ions from 
excited state 

0.7·10-20 𝑐𝑚2 6 

σGSA
* Absorption cross section of Pr3+

 ions from 
ground state 

8·10-27 𝑐𝑚2 4 

σYb Absorption cross section of Yb3+ ions 8·10-26 𝑐𝑚2 4 

b51 Branching ratio of emission from 3P0 0.294 - 
Estimated from 

emission spectra 

b53 Branching ratio of emission from 3P0 0.686 - 
Estimated from 

emission spectra 

b54 Branching ratio of emission from 3P0 0.020 - 
Estimated from 

emission spectra 

b41 Branching ratio of emission from 1G4 0.061 - 
Estimated based 

on: 7 

b42 Branching ratio of emission from 1G4 0.711 - 
Estimated based 

on: 7 

b43 Branching ratio of emission from 1G4 0.228 - 
Estimated based 

on: 7 

b31 Branching ratio of emission from 3H6 0.566 - 1 

b32 Branching ratio of emission from 3H6 0.434 - 1 

 

The rates of nonradiative transition were estimated on the basis of the chart of probabilities of 

nonradiative transitions of Ln3+ ions in a tetragonal LiYF4 laser crystal in a function of energy gap at T 

= 0 5. The probability of nonradiative transition from starting level, 𝐽, to the finished, 𝐽’, is described as 

𝑊𝐽𝐽′ . The data read from the chart were recalculated for room temperature according to the following 

equation appropriate for emission processes 8: 

𝑊𝐽𝐽′(𝑇) = 𝑊𝐽𝐽′(𝑇 = 0) ∙ (𝑛 + 1)𝑃                                            𝐸𝑞. 𝑆9 

where  

𝑛 = [𝑒𝑥𝑝 (
ℏω

𝑘𝐵 ∙ 𝑇
) − 1]

−1

                                                  𝐸𝑞. 𝑆10  

𝑘𝐵 is a Boltzman constant and equals 0.695 𝑐𝑚−1 ⋅ 𝐾−1. The ℏω corresponds the phonon energy in 

particular matrix (here ℏω = 350 cm−1), P indicates the number of phonons required for overcome 

appropriate energy gap (∆𝐸𝐽𝐽′) : 



𝑃 =
∆𝐸𝐽𝐽′

ℏω
                                                                      𝐸𝑞. 𝑆11 

 

 

Table S4. Changes of values of DRE parameters used to check their influence of PA features. *Some parameters have been 

not influenced the PA.  

Parameter  Lower values Basic value Higher values Unit 

τ2
* 

No changes for values of the 
same order and an order of 

magnitude smaller 

125.568·10-3 No changes for values of the 
same order and an order of 

magnitude bigger  

s 

τ3
* 

No changes for values of the 
same order, one and two 

orders of magnitude smaller 

52.377·10-3 No changes for values of the 
same order, one and two 

orders of magnitude higher 

s 

τ4 70·10-6 100·10-6 128·10-6 650·10-6 3220·10-6 s 

τ5 1·10-6 10·10-6 30·10-6 90·10-6 120·10-6 s 

τYb 7.5·10-5 3.5·10-4 7.5·10-4 9.5·10-4 7.5·10-3 s 

NR54
* 

No changes for values of the 
same order, one, two and 
three orders of magnitude 

smaller 

3.84·10-8 No changes for values of the 
same order, one, two and 
three orders of magnitude 

bigger 

1

𝑠
 

NR43
* 

No changes for values of the 
same order, one and two 

orders of magnitude smaller 

1.15 No changes for values of the 
same order, one and two 

orders of magnitude higher. 
For values of four orders of 
magnitude bigger, changes 

were observed, however that 
big increase of NR43 make no 

sense. 

1

𝑠
 

NR32
* 

Very minor change for 
smaller values. 

89132.2 Lack of changes for bigger 
values. 

1

𝑠
 

NR21 
1303.217 13032.17 130321.7 Lack of changes for bigger 

values. 

1

𝑠
 

W71 
1.2·10-17 0.2·10-16 1.2·10-16 2.3·10-16 1.0·10-15 𝑐𝑚3

𝑠
 

W74 
1.2·10-17 0.2·10-16 1.2·10-16 2.3·10-16 1.0·10-15 𝑐𝑚3

𝑠
 

W64 
2·10-19 1·10-18 4·10-18 8·10-18 2·10-17 𝑐𝑚3

𝑠
 

W65 
1.6·10-17 0.5·10-16 1.6·10-16 5·10-16 1.6·10-15 𝑐𝑚3

𝑠
 

WCR1
* 

No changes for values of the 
same order, one and two 

orders of magnitude smaller 

1.1·10-18 No changes for values of the 
same order, one and two 

orders of magnitude higher 

𝑐𝑚3

𝑠
 

WCR2
* 

No changes for values of the 
same order, one and two 

orders of magnitude smaller 

1.1·10-18 No changes for values of the 
same order, one and two 

orders of magnitude higher 

𝑐𝑚3

𝑠
 

σESA 0.2·10-20 0.4·10-20 0.7·10-20 1.3·10-20 2.5·10-20 𝑐𝑚2 



σGSA
* 

No changes for values up to 3 
orders of magnitude smaller 

8·10-27 Very minor change for value 
two orders of magnitude 

higher. 

𝑐𝑚2 

σYb 8·10-27 3·10-26 8·10-26 20·10-26 30·10-26 𝑐𝑚2 

 

 

 

Figure S6. Results from PA simulations for Pr3+, Yb3+ co-doped nanocrystals: each panel contains two elements: simulated 

s-shaped dependences of luminescence intensity in a function of pump power density of the excitation laser and the 

corresponding slopes values of these s-shaped curves. The influence of changes of particular parameters, namely 

nonradiative transitions: (a) w65, (b) w71, (c) w74, (d) w64 (h) NR21, radiative lifetimes: (e) τYb (f) τ4, (g) τ5, and absorption 

cross sections: (i) σESA, (j) σYb on PA futures are illustrated. Individual charts show, how the variation of these parameters 

affect the s-shape profiles and slope values. Saturated and desaturated colors correspond to increase or decrease of a given 

parameter value, respectively, as compared to pristine values (black). 

 

 

 

 



 

Figure S7. Absorption and scattering spectra of β-NaYF4 nanocrystals: (a) co-doped with Pr3+ and Yb3+ (b) doped with Pr3+ 

ions. Inserted charts in (a) and (b) present integral area under the peak at 444 nm.  

 

Figure S8. Spectroscopic measurements for β-NaYF4 nanocrystals: excitation spectra for (a) cores and core-shells co-doped 

with Pr3+ and Yb3+
 ions monitoring emission at 980 nm (c) core-shells doped with Pr3+ ions monitoring emission at 607 nm; 

Emission spectra under excitation with 444 nm for (b) cores and core-shells co-doped with Pr3+ and Yb3+
 ions (d) core-shells 

doped with Pr3+ ions. Inserted plots: in excitation spectra show changes of the integral area under the peak at 444 nm with 

concentration of Pr3+ ions for (a) core and core-shell samples co-doped with Pr3+, Yb3+ ions (c) core-shell singly Pr3+ doped 

nanocrystals; in emission spectra show changes of the integral area under the peak at 482 nm with concentration of Pr3+ ions 

for (b) core and core-shell samples co-doped with Pr3+, Yb3+ ions (d) core-shell singly Pr3+ doped nanocrystals.  
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