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Supplementary note 1: Effective Hamiltonian

The full Hamiltonian of the optomechanical setup with the molecular vibrational mode (b',b) at frequency Qy and the bare cavity (a',a)
at frequency ®cay, driven by a laser modeled as a quantum harmonic oscillator (1,I7) with frequency @y, is given as

Hpyy1 = Hiol + Heav + Hyaser + Hem + He,

= Qb b + hoeava'a+ hopl' 1+ hgoa' a(b™ +b) +hJ(a +a)(IT +1),

With the rotating wave approximation (RWA) in the laser-cavity coupling, we have
HEWA = nQub™b + hocava’a+ hap 1+ hgoa'a(b™ +b) + 1 (@'l +al). (S1)
Since the cavity and the laser are linearly coupled, we can first diagonalize this part of the Hamiltonian,
Hi_c = hol'l+hocaya'a+nd(a’l+al'),
= h@ya'a+h@eavl'l, (82)

where
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Here, ¢ = %tan*1 ) is the mixing angle. For small J, [ is a ‘laser-like’ mode and 4 is a ‘cavity like’ mode. Rewriting - in the

new normal mode basis

HEWA = 1QubT b+ hdcavii'a+ hay I T+ hgo (cos @ -a+sing 1) (cos @ -a+sing-1) (b" +b).
For the laser being red detuned (w;, = @cav — A, A > 0), keeping only the near resonant terms, we have
Hg = hQyb b+ hideaya'a+hay I [+ hgocos sing - (Iab' +1a'b).

The Heisenberg equation of motion (EOM) for (I*4) is

%(ﬁd) = —i(@cav — @) [Ta@+igycos sin - [de,ﬁﬁ] -b.
Computing the commutator
[ld",I'a) =la'T'a—I"ala".
Using, aa' =a'a+1
=ia'Ta-I"a"a+1)
=da'a-[I,I"-1'T
=aa-TT.
Then,
4

(I'd) = —i(@cay — @) a+iggcos psing - (@' a—1I'l)-b,
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=

= —i(@cay — @) [Ta—iggcos @sing - (I'[—a'a) - b. (83)

We will now make the mean-field approximation to linearize the equation of motion. For the three-body operators of the form cfcb
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(where ¢ = [ or @), we have

cfeb=((cTe)+cTe—(cTe)) b,
N N —
mean  Fluctuations

=(c'e)-b+(cTe—(cTe)) b,
~ (cTe)b.
Here we have neglected the fluctuations in (cc). Choosing,
(I'T) = i, (@' @) = A,
and plugging these back into the equation

d .
Z(ﬁd) = —i(@cay — @) [Ta— igycos @sin@ - (i, —fig) - b. (S4)

Now writing down the EOM for b,

%b = —iQyb —igycos Qsin @ - (ﬁd). (S5)
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4__ The EOM for operators
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To write an effective Hamiltonian, we define a composite mode for the laser-cavity subsystem o, =

=
ﬂ
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o and b are
d o . . . I
El ph = —l(wcav—wL)’%h_lgOCOS(Psm(p' (nL—l’la)'b,
d
Eb = —iQyb — igycos Psin @/ (Aiy, —fia) - .-
For J < A, we have @, ~ @cay — A and iy, ~ (I7I) = ny. Also
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In this limit, the EOMs transform to
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Now using the fact that ny, > 7i,, we have

d . e fig
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These EOMs look like two coupled oscillators with coupling constant go(f)« /ni.. Thus, we can write an effective Hamiltonian for this
system as
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We note that for J < A and ny, > #, {,;z{ph, ,;z{;h} satisfy bosonic commutation relations,
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Supplementary note 2: Decay rate for the composite boson

The full Hamiltonian in the RWA with the decay of the cavity and the vibrational mode as k and y (we are assuming that the laser mode
has no incohorent decay) is given as

H=h <.QV . 1%/) bib+n (cocav - ig)aTa + i1+ hgoa' a(bt +b) + I (a1 4+ al').

Diagonalizing the cavity-laser subsystem

H_c=h (wcav - zg) d'a+no 1 +n(a' I +all),

the normal mode frequencies are

o + (Wcay — iK/2) — /4T + [(@cay — i%/2) — @y |
2 b

oL + (Ocay — iK/2) + /42 + [(Ocay — iK/2) — @
: .
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Now, we need the decay for the composite bosons. Let’s consider the Hamiltonian
Hy = ha i I+ hidcavd d.

In the Heisenberg picture

The Heisenberg EOM for (I7a) is

Thus



where

N  (Ocav —ik/2) + 0, + /4]% + [(@cay — ik /2) — 01 ]2
Dcay — O, = ) -

(@cav — ik /2) + @y, — \/412 + [(@cay — ix/2) — wLP
2 bl

= \/412 + [(@cay — ix/2) — @1 ]2,

~ (Ocay — 0OL) — ik /2,

for J < (cay — @1,).

Thus, we show that the incoherent decay rate for the composite boson is the same as that of the cavity decay assuming that the laser
mode has no incoherent decay. The full Hamiltonian in the normal mode basis is then given as

. ,K J T +
H= h(Qv - z%>bTb+h((wcav —aop) - li)dgh%h +hgo (K) VL (e b+ b)),
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