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S1 Details of Simulation Method

S1.1 Reaction Process
Fig. S1 shows the flow chart of the actual calculation in the CRP in this simulation. We first select
one bead (B1) at random from the simulation box, and judge the type of B1. We then perform the
following calculations according to the type of B1. If B1 is an unreacted monomer or an unreacted
end of a cross-linker, we randomly select another bead (B2) within the distance rc from B1, and
proceed to the next step if B2 is a propagating end. If the propagating end B2 becomes a radical
with the probability Pa, the propagation process is executed with the probability pp. If B1 is a
propagating end, B1 is stochastically determined to be a radical (probability Pa) or a dormant
species (probability 1−Pa). If B1 is a radical, we randomly select another bead (B2) within the
distance rc from B1, and perform the following calculations according to the type of B2. If B2 is an
unreacted monomer or an unreacted end of a cross-linker, the propagation process is executed with
the probability pp. If B2 is a propagating end, B2 is stochastically determined to be a radical (Pa) or
a dormant species (1−Pa), and the termination process is executed with the probability pt if B2 is
a radical. The probabilities of the combination and the disproportionation when the termination
process is executed are p(c)t and p(d)t , respectively. We performed the trial shown in Fig. S1 n times
at each simulation step. Here, n is the total number of beads in the simulation box.

S1.2 Details of Simulation Conditions
Table S1 lists the initial conditions for forming each gel and the number average molecular weights
Mn,p of the primary chains constituting each gel with the monomer conversion α of 95%.

S1.3 Calculation of Number Density νte of Elastically Effective Chains Gen-
erated by Trapped Entanglements

The calculation of the number density νte of elastically effective chains generated by entangle-
ments trapped in the network was performed in the same way as in the previous studies.1,2 By
the method of Everaers et al.3, we first extracted the primitive paths that connect the ends of
each polymer without crossing between the polymers, and then counted the number of the con-
tact points of the primitive paths as entanglements. We spatially fixed the ends of the polymers,
turned off the intra-strand WCA potentials and the WCA potentials between the strands attached
to the same crosslinking point, and then performed the simulation of t = 1×104τ with decreasing
the temperature T at a cooling rate dT/dt =−1×10−4εwca/kBτ. We then counted the number nen
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Figure S1 Flow chart of one trial of the controlled radical copolymerization process.

of entanglements and the number gi (i = 1,2, · · · ,nen) of strands included in each entanglement.
Here, an area where more than two strands simultaneously contact with each other was regarded
as one entanglement. The number Nen of the bridge chains generated by the entanglements was
calculated by Nen = ∑nen

i=1 gi.
The entanglements trapped in the network were analyzed with reference to Langley’s crite-

rion4. In Langley’s criterion, the entanglements which contain two strands having paths to the
network matrix at both sides of the entanglements are considered to be trapped in the networks
and elastically effective. Therefore, the trapped entanglements have to contain two or more elas-
tically effective chains. This is because the strands that are part of elastically ineffective chains are
not connected to the network matrix at one or both ends of the path along the strands. In other
words, the strands satisfying Langley’s criterion must be at least part of the elastically effective
chains. Using this criterion, we extracted the trapped entanglements from nen entanglements and
count the number g′i(i = 1,2, · · · ,nte) of elastically effective strands included in each trapped entan-
glement. Here, nte is the number of trapped entanglements. The number density νte of elastically
effective chains generated by the trapped entanglements was calculated by νte = ∑nte

i=1 g′i/V .
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Table S1 Detailed initial conditions for gel formation and the number average molecular weight Mn,p of the
primary chains at α = 95%.

system type V nm nx np−x ni Mn,p at α = 95%
FRP ≃ 5.24×105 1×105 2650 0 100 ≃ 2.02×103

≃ 5.24×105 1×105 2650 0 350 ≃ 1.03×103

≃ 5.24×105 1×105 2650 0 1400 ≃ 0.51×103

LRP (Pa = 0.1) ≃ 5.24×105 1×105 2650 50 0 ≃ 2.03×103

≃ 5.24×105 1×105 2650 100 0 ≃ 1.01×103

≃ 5.24×105 1×105 2650 200 0 ≃ 0.51×103

LRP (Pa = 0.02) ≃ 5.24×105 1×105 2650 50 0 ≃ 2.00×103

≃ 5.24×105 1×105 2650 100 0 ≃ 1.00×103

≃ 5.24×105 1×105 2650 200 0 ≃ 0.50×103

LRP (Pa = 0.01) ≃ 5.24×105 1×105 2650 50 0 ≃ 2.00×103

≃ 5.24×105 1×105 2650 100 0 ≃ 1.00×103

≃ 5.24×105 1×105 2650 200 0 ≃ 0.50×103

FRPfi ≃ 5.24×105 1×105 2650 0 25 ≃ 2.12×103

≃ 5.24×105 1×105 2650 0 50 ≃ 1.07×103

≃ 5.24×105 1×105 2650 0 100 ≃ 0.54×103

FRPsp ≃ 5.24×105 1×105 2650 0 75 ≃ 1.02×103

≃ 5.24×105 1×105 2650 0 230 ≃ 0.46×103

FRPwot ≃ 5.24×105 1×105 2650 0 130 ≃ 2.01×103

≃ 5.24×105 1×105 2650 0 550 ≃ 0.99×103

≃ 5.24×105 1×105 2650 0 2290 ≃ 0.51×103

FRPfiwot ≃ 5.24×105 1×105 2650 0 25 ≃ 2.00×103

≃ 5.24×105 1×105 2650 0 50 ≃ 1.00×103

≃ 5.24×105 1×105 2650 0 100 ≃ 0.50×103

V : volume of simulation box; nm: initial number of monomers; nx: initial number of cross-linkers; np−x: initial number
of dormant species; ni: initial number of initiators; Mn,p: number average molecular weight of primary chains.

S1.4 Calculation of Static Structure Factor S(q)
In order to calculate the structure factor S(q) in the network formation process, we first carried
out the simulation with the polymerization until α reached a target value, and then performed the
simulation of t = 5.5×103τ without processing the reaction. In the last 5×103τ of this simulation,
the structure factor was calculated by the following equation every 50τ:

S(qqq) =

∣∣∣∣∣ n

∑
j=1

exp
(
iqqq · rrr j

)∣∣∣∣∣
2

, (S1)

S(q) =
1

4πq2

∫
S(qqq)δ (|qqq|−q)dqqq, (S2)

where, qqq = (2π/L0)(k, l,m) (k, l, and m are integer) is the scattering vector, and rrr j is the position
vector of the j-th bead. The average of the 100 calculation results was taken as the result of
one run, and the average of the results of ten independent runs was taken as the result for each
condition.
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S2 Supplementary Information about Simulation

S2.1 Polymerization of Linear Polymers
In order to check the behavior of the FRP model and the CRP model, we here present the results of
the polymerization of linear polymers in the systems without the cross-linkers (nx = 0). Figs. S2a–
S2c show the time developments of the concentrations of each species, and Figs. S2d–S2f depict
the time developments of the monomer conversion α and the conversion index (CI) ln[M]0/M. In
Figs. S2g–S2i, we plot the number average molecular weight Mn, the weight average molecular
weight Mw, and the polydispersity index (PDI) Mw/Mn against α. Here, the initial monomer con-
centration [M]0 is set to [M]0 ≃ 0.19 (ϕm = 0.1), the initial initiator concentration [I]0 for the FRP
is set to [I]0 ≃ 6.7× 10−4 (ni = 350), and the initial dormant species concentration [P–X]0 for the
CRPs is set to [P–X]0 ≃ 1.9×10−4 (np−x = 100).

Figure S2 Time developments of (a–c) the number densities of each species, (d–f) the monomer conver-
sion α, and the conversion index ln[M]0/[M]. (g–i) Number average molecular weight Mn, weight average
molecular weight Mw, and polydispersity index Mw/Mn shown as functions of α.

As discussed in detail in the previous study2, we think that the results of the FRP reproduce
some features of the kinetics of FRP.5 The concentration of propagating radicals is almost constant
in the time region of 1×104 ≲ t ≲ 4×104 (Fig. S2a); thus, this time range is considered to corre-
spond the steady state. In the steady state the CI is approximately proportional to t (Fig. S2d). We
have also confirmed that the propagation rate Rp = −d[M]/dt in the initial stage is proportional
to [I]a

0[M]b
0 and the reaction orders are a ≃ 0.6 and b ≃ 0.9–1.2, which are in agreement with the

kinetics of FRP (a = 1/2 and b = 1). The average molecular weights Mn and Mw indicate large
values from the early stage of the polymerization, and the PDI exhibits values close to two, which
is the theoretical value, over a wide range (Fig. S2g). In addition, we have confirmed that both Mn
and Mw are proportional to [I]c

0[M]d
0, and the exponents are c ≃−0.6–−0.5 and d ≃ 1.0–1.3 for Mn
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and c ≃ −0.6–−0.5 and d ≃ 1.1–1.4 for Mw. These exponents are also consistent with the kinetics
of FRP when the termination mechanism is mainly the disproportionation: c =−1/2 and d = 1.

Let us discuss the reaction rate constants to compare the simulation with real FRPs. The reac-
tion rate constants of each elementary reaction in the simulation evaluated using the time evolu-
tion of the concentrations of each species and the kinetics of FRP are k′d ≃ 6.7×10−6, kp ≃ 2.2, and
kt ≃ 3.3.2 Here, k′d is the effective reaction rate constant of the initiator decomposition including
the initiator efficiency, kp and kt are the reaction rate constants of the propagation and termination,
respectively. In real FRPs, kt ≫ kp ≫ k′d (typical values are k′d ≃ 1× 10−5 s−1, kp ≃ 1× 103 L mol−1

s−1, and kt ≃ 1×107 L mol−1 s−1),5 but in the simulation, kt > kp ≫ k′d. Therefore, the termination
in the simulation is slower than that in real FRPs. Although kt ≫ kp in real FRPs, in order to avoid
unrealistically long calculation times, we here set the reaction probabilities focusing on the slow
initiation and very fast propagation relative to the initiation.

We think that the results of the CRPs also reproduce some features of the kinetics of CRP with
the dissociation-combination mechanism having a large number of stable radicals or the atom
transfer mechanism having a large number of deactivators.5,6 In the CRP with Pa = 0.01, the CI is
proportional to t; hence, the polymerization follows first-order kinetics (Fig. S2f). Mn and Mw are
proportional to α, and the PDI is approximately one (Fig. S2i). In the CRP with Pa = 0.1, since the
termination proceeds to some extent, the concentration of propagating ends decreases (Fig. S2b).
As a result, the CI deviates from the ideal line proportional to t (Fig. S2e), and the PDI increases
(Fig. S2h).

Fig. S3 shows the mean square displacement ⟨|∆rrr(t)|2⟩ of the unreacted monomers and prop-
agating ends at various α. The diffusion of unreacted monomers is almost independent of α, but
the diffusion of propagating ends is suppressed by increasing α. Due to the suppressed diffusion
of the propagating ends, Rp of the FRP nonmonotonically changes with increasing α (Fig. S4).
The increase in Rp around α ≃ 0.25 is thought to be caused by the suppression of the termination,
which is a bimolecular reaction of the propagating ends. At high α, Rp decreases because the prop-
agation is also affected by the suppressed diffusion of the propagating ends. On the other hand, in
the CRP, since the effect of the termination is small, Rp monotonically decreases with suppressing
the diffusion of propagating ends. In the systems with the cross-linkers, although the diffusion of
the propagating ends is further suppressed, ⟨|∆rrr(t)|2⟩ shows similar results to Fig. S3.

S2.2 Conversion of Functional Group of Cross-linker
Fig. S5 shows the conversion αx of the functional group of the cross-linker and the ratio nx,in/nx
of the number of cross-linkers incorporated in the polymers to the total number of cross-linkers in
the system as function of the monomer conversion α. Here, nx,in is the number of cross-linkers in-
corporated in the polymers. αx is lower than α, but nx,in/nx is higher than α. These results indicate
that many functional groups of the cross-linkers remain unreacted in the polymers. Therefore, we
think that the difference between αx and α is caused by the decrease in reactivity of the pendant
group due to steric hindrance.
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Figure S3 Mean square displacement ⟨|∆rrr(t)|2⟩ of (a, c) the unreacted monomers and (b, d) propagating
ends.

Figure S4 Propagation rate Rp shown as a function of the monomer conversion α.

Figure S5 Conversion αx of the functional group of the cross-linker and ratio nx,in/nx of the number of
cross-linkers incorporated in the polymers to the total number of cross-linkers in the system as functions of
the monomer conversion α.
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S2.3 Results for Gels with Different Mn,p

In Fig. S6, we show the results for gels with Mn,p ≃ 5×102 and Mn,p ≃ 2×103. Here, we set [I]0 to
[I]0 ≃ 2.7×10−3 (ni = 1400) and [I]0 ≃ 1.9×10−4 (ni = 100) to form the FRP gels with Mn,p ≃ 5×102

and Mn,p ≃ 2× 103, respectively. [P–X]0 for the formation of the CRP gels with Mn,p ≃ 5× 102 and
Mn,p ≃ 2× 103 are set to [P–X]0 ≃ 3.8× 10−4 (np−x = 200) and [P–X]0 ≃ 9.5× 10−5 (np−x = 50),
respectively. By changing the synthesis method from the FRP to the CRP and reducing Pa, νx
increases, and νte decreases. The shear modulus G does not significantly change in the results of
the gels with Mn,p ≃ 2×103, but it shows a tendency to decrease with the change of the synthesis
method from the FRP to the CRP in the results of the gels with Mn,p ≃ 5×102.

Figure S6 (a, b) Number density νx of the elastically effective chains formed by cross-linking, number
density νte of the elastically effective chains generated by the trapped entanglements, and shear modulus
G. (c, d) Relative populations of bridges, loops, and dangling ends. The number average molecular weight
Mn,p of the primary chains are set to (a, c) Mn,p ≃ 5×102 and (b, d) Mn,p ≃ 2×103. The monomer conversion
is α = 95%. Dotted lines indicate the average values of the FRP gel.

In order to study the relationship between G and the network structure, we evaluate the con-
tribution Gx = (νx − µx)kBT of the elastically effective cross-linking points and the contribution
Gte = (νte − µte)kBT of the trapped entanglements by using the phantom network model,7,8 and
plot G against Gx +Gte (Fig. S7). Here, µx and µte are the number densities of the elastically
effective cross-linking points and the trapped entanglements, respectively. From Fig. S7, we find
that, although Gx+Gte is about 20% larger than G, G is almost proportional to Gx+Gte. Therefore,
within the simulation conditions, the behavior of G is considered to be explained by the elastically
effective chains and the trapped entanglements. We think the difference between G and Gx+Gte is
caused by the effects of very short network strands. We think that such a very short strand does not
serve as an independent elastically effective chain but as a part of a cross-linking point. Therefore,
the presence of very short strands causes the overestimation of Gx +Gte.

S2.4 Results for Systems with Termination by Combination
Fig. S8 shows the results of the network structure and the number average molecular weight Mn,p
of the primary chains of gels with α = 95% formed in systems in which the termination mechanism

S7



Figure S7 Shear modulus G calculated by the simulation under the uniaxial deformation shown as a func-
tion of the shear modulus Gx +Gte evaluated from the network structure.

is the combination (p(c)t = 1 and p(d)t = 0). Here, [P–X]0 and [I]0 are set to the same values as
those used in the calculation of Fig. 3 in the main text. Although Mn,p of the FRP gel and the
CRP gel with Pa = 0.1 are larger than 1.0× 103 due to the effects of the termination, by changing
the gel synthesis method from the FRP to the CRP and reducing Pa, the number density νx of the
elastically effective chains formed by cross-linking increases, and the number density νte of the
elastically effective chains generated by the trapped entanglements decreases. Thus, even if the
termination is the combination, the homogeneity of the network structure is improved by changing
the synthesis method from FRP to CRP.

Figure S8 Number density νx of the elastically effective chains formed by cross-linking, number density νte

of the elastically effective chains generated by the trapped entanglements, and number average molecular
weight Mn,p of the primary chains. The monomer conversion is α = 95%. Dotted lines indicate the average
values of the FRP gel.

S2.5 Number of Entanglements in Gelation Process
Fig. S9 shows the number density ν̃en ≡ Nen/Vcls of the bridge chains generated by the entan-
glements in clusters formed in the gelation process. Here, Nen is the number of bridge chains
generated by the entanglements,2 and Vcls is the total volume of the clusters, which is the total
volume of beads constituting the clusters. Especially in the pre-gel region, the clusters in the FRP
have more entanglements than the clusters in the CRP.

S2.6 Propagation Rate of FRPsp
Fig. S10a shows the propagation rates Rp of the CRP with Pa = 0.01 and FRPsp as functions of α. We
can see that Rp of FRPsp is slower than that of the CRP (Pa = 0.01) throughout the polymerization.
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Figure S9 Number density ν̃en of the bridge chains generated by the entanglements in the clusters. Mn,p ≃
1×103 at α = 95%.

Figure S10 (a) Comparison of the propagation rate Rp between the CRP with Pa = 0.01 and FRPsp. (b)
Contact frequencies fcon between the propagating radicals and the monomers, and propagation rates Rp

for the FRP and FRPsp. Mn,p ≃ 1×103 at α = 95%.

In order to study the relation between the propagation rate and the diffusion of the beads, we
calculate the frequency of contact between the propagating radicals and the monomers. Specifi-
cally, we first carried out the simulation with the polymerization until α reached a target value,
and then performed the simulation of t = 5× 103τ without processing the reaction. The contact
frequency fcon = Ncon/Vtana per unit volume was calculated from the contact number Ncon between
the propagating radicals and the monomers during the simulation without the reaction. Here,
tana = 5×103τ is the time used for the calculation.

Fig. S10b shows fcon and Rp for the FRP and FRPsp as functions of α. In the FRP, since
Rp ≃ fcon, the propagation is mainly determined by the contact between the propagating radicals
and the monomers, i.e., the propagation is diffusion-controlled. We here note that, since the time
from contact to separation is 8∆t–10∆t, Rp ≃ fcon even if pp = 0.5. On the other hand, in FRPsp with
the slow propagation, since Rp < fcon, the propagation depends not only the contact between the
beads but also on the stochastic reaction model.

S2.7 Structures of Network Strands and Clusters in Model Systems
In Fig. S11, we present the cross-linked structures of the network strands in the model systems.
Fig. S12 shows the structures of clusters before and after gelation.
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Figure S11 Relative populations of (a) bridges, (b) loops, and (c) dangling ends in clusters shown as
functions of the distance ε from the gelation point. Mn,p ≃ 1×103 at α = 0.95.

Figure S12 Structures of clusters at each distance ε from the gelation conversion in the (a) FRPfi, (b)
FRPsp, and (b) FRPwot systems. Different clusters are shown in different colors.

S2.8 Results for a System with Fast Initiation and without Termination
We show the results of gels formed by a system with a fast initiation and without terminations
(“FRPfiwot”) on the νx-νte plane (Fig. S13). In FRPfiwot, the decomposition probability pd of the
initiator is set to one, and the termination probability pt is set to zero. The results of the FRPfiwot
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gel are shifted to the lower right direction compared to those of the FRPfi gel and FRPwot gel.
Therefore, we find that the network structure is homogenized by prohibiting terminations in FRPfi
with the fast initiation or by introducing the fast initiation in FRPwot without terminations. As
shown in the main text, although the first initiation and the prohibition of terminations do not in-
dependently improve the homogeneity of the network structure, we think that these characteristics
of CRP also contribute to the homogeneous structure of CRP gels.

Figure S13 Number density νte of the elastically effective chains generated by the trapped entanglements
plotted against the number density νx of the elastically effective chains formed by cross-linking. The
monomer conversion is α = 95%.
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