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1 Notes on differential geometry

Let a surface be defined by x = x(u, v) in rectangular coordinates, where u, v surface coordi-
nates. Figure 1 shows surface vectors at point P , where the tangent vectors (xu,xv) span a
tangent plane locally and n is the normal vector given by

n =
xu × xv
|xu × xv|

=
xu × xv√
EG− F 2

(1.1)

where the direction of the normal depends on the labelling of the coordinate curves. Here, E,
F , and G are the coefficients of the first fundamental form in differential geometry [1]

E = xu · xu , F = xu · xv , G = xv · xv , (1.2)

and hence the differential element of area can be expressed as

dA =
√
EG− F 2du dv , (1.3)

where W =
√
EG− F 2 defines a local metric on the surface. The general equation for the

mean curvature and Gaussian curvatures are

H =
1

2

EN − 2FM +GL

W 2
=

1

2
(c1 + c2) , (1.4)

and

K =
LN −M2

W 2
= c1 c2 , (1.5)

where c1 and c2 are the principal curvatures, and

L = xuu · n , M = xuv · n , N = xvv · n , (1.6)

are the coefficients of the second fundamental form. In the case where parametric lines coincide
with lines of curvature, the principal curvatures in (1.4) reduce to

c1 =
L

E
, c2 =

N

G
, (1.7)

since F =M = 0.
It is useful to define the Laplace-Beltrami operator,

∆bf =
1

W

((
Efv − Ffu

W

)
v

+

(
Gfu − Ffv

W

)
u

)
, (1.8)
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where f is an arbitrary function. For axisymmetric geometries, F = 0 and the v-derivatives
are set to zero, and hence Eq. (1.8) reduces to

∆bf =
1

W

(
Gfu
W

)
u

. (1.9)

In the general literature on vesicle shapes [2], the metric coefficient g is defined as the
determinant of the metric tensor gij ≡ xi · xj , for i, j = 1, 2 such that

gij =

(
E F
F G

)
, (1.10)

and the curvature tensor hij ≡ (∂i∂jx) · n is

hij =

(
L M
M N

)
. (1.11)

Accordingly, the mean curvature in Eq.(1.4) is equivalent to H ≡ tr(hij)/2 where hij ≡ gikhkj
and gik are the components of the inverse of the metric tensor (1.10), and hence

hij =

(
L/E 0
0 N/G

)
, (1.12)

in agreement with Eq. (1.7).
An important distinction between the notation used in standard differential geometry for

the mean curvature, H, and the notation used in the literature on vesicle shape equations, H,
is the sign-convention where H = −H. This convention is adopted so that in the limit of a
spherical shape, the mean curvature, H, is positive using the standard spherical coordinates
notation (i.e., u = θ, and v = ϕ); see, for instance, the discussion below Eq. (2.9) in Ref. [2].

xv

xu

n

P

Figure 1: Local representation of the tangent vectors (xu,xv) at a point P on a surface
represented by x = x(u, v); outward-pointing normal vector, n, as indicated.

1.1 Arclength parametrization

The position vector of a point on a axisymmetric surface parameterized by arclength, as shown
in Fig.1(b) in the main text, where u = s and v = ϕ is

x(s, ϕ) = {r(s) cosϕ, r(s) sinϕ, z(s)} , (1.13)

where s is the arclength and ϕ is the azimuthal angle. Using (1.13) in Eq.(1.1) yields the
surface normal

n(s, ϕ) = {−zs cosϕ,−zs sinϕ, rs} . (1.14)
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Using relations (1.13) and (1.14) the coefficients of the first and second fundamental forms
reduce to

E = 1 , F = 0 , G = r2 (1.15)

and
L = zssrs − zsrss , M = 0 , N = r zs . (1.16)

Using relations in Eq. (1.7) the principal curvatures are given by

c1 = zss rs − zsrss , (1.17)

and
c2 =

zs
r
. (1.18)

Thus, the mean curvature is completely defined (i.e., H = −H), aside from a minus sign
depending on the choice of notation. In the arclength parametrization, the Laplace-Beltrami
of operator given by (1.9) reduces to

∆bf =
1

r
(rfs)s . (1.19)

In the tilt-angle formulation discussed in section 2, where rs = cosψ and zs = − sinψ, the
principal curvatures are

c1 = −ψs , (1.20)

and

c2 = −sinψ

r
. (1.21)

1.2 Force balance approach

In this section we present a complementary approach to deriving the general shape equation
for vesicles following a force balance at the interface. The elastic traction per unit area acting
on the membrane can be obtained from

fm =
δ(1)Eb
δx

+
δ(1)EΣ

δx
, (1.22)

such that
fm =

[
−2κ∆bH − 4κH(H2 −K) + 2HΣ

]
n−∇sΣ , (1.23)

using the results from Appendix A in the main text and setting H = −H. The normal surface
traction is discontinuous across the interface and is balanced by internal membrane stresses,

n ·
[
Th
ex −Th

in

]
= fm , (1.24)

where T hij,k = −pkδij is the second-order, hydrostatic stress tensor and the subscript k = ex , in
indicates the exterior and interior regions of the closed vesicle, respectively. Hence,

−Pn = fm , (1.25)

where P = pex − pin, following the definition of pressure difference used in Eq. 8 in the main
text. Combining Eqs. (1.25) and (1.23) yields the force balance in the normal direction,

2κ∆bH + 4κH(H2 −K)− 2HΣ− P = 0 (1.26)

in agreement with Eq. (8) in the main text.
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2 Tilt-angle formulation for axisymmetric vesicles

The tilt-angle formulation has been extensively used in numerical analyses of stationary shapes
of axisymmetric vesicles [2], where the tilt angle ψ is subtended between the tangent vector
to the surface and the horizontal direction, as illustrated in Fig. 1(b) of the main text. In
this section, we revisit this formulation following the derivation presented in Refs. [3, 4] for
completeness of presentation and further comparison with the numerical results shown in
sections 3 and 4 in the main text. First, a derivation of the shape equations assuming constant-
force ensemble is presented and comments are made about the dynamically equivalent shape
equations assuming constant-height.

The general shape equation (8) in the main text can be recast as a system of non-linear ordi-
nary differential equations for axisymmetric vesicles by minimizing the total energy functional
Eq. (6). In the tilt-angle approach, the variables (r, z, ψ; rs, zs, ψs) are taken as independent
“coordinates” and “velocites”, where arclength plays the role of time in classical mechanics;
thus, the geometric relations between the spatial coordinates (r, z) and the tilt angle

rs = cosψ , zs = − sinψ , (2.1)

are enforced by Lagrange multipliers (γ, η), respectively, where ψ ∈ [0, π] for 0 ≤ s ≤ L. The
total elastic energy (6) in the main text can be written in the terms of a “Lagrangian” function,
L, as follows

G′
L = 2πκ

∫ s2

s1

L(r, rs, zs, ψ, ψs) ds− F∆z|s=s1 , (2.2)

where s1 and s2 are the arclength measures at the north and south poles, respectively, and

L =
r

2

(
ψs +

sinψ

r

)2

+
Σ

κ
r +

1

2

P

κ
r2 sinψ + γ(rs − cosψ) + η(zs + sinψ) . (2.3)

In Eq. (2.3), the membrane is assumed symmetric and the principal curvatures are given by

c1 = −ψs , c2 = −sinψ

r
, (2.4)

as shown in section 1.1.
Following Halminton’s principle of stationary action derived in section 4 for completeness,

where the action functional is given by Eq. (2.2) and the arclength s is treated as time,
extrema conditions on the membrane elastic energy are obtained by path variations of the
energy functional in the configurational space spanned by the coordinates (r, z, ψ). Combining
Eqs. (4.2) and (4.6), the variation of the elastic energy reduces to

δG′
L

2πκ
=

∫ s2

s1

{[
∂L
∂ψ

− d

ds

∂L
∂ψs

]
δψ +

[
∂L
∂r

− d

ds

∂L
∂rs

]
δr

+

[
∂L
∂z

− d

ds

∂L
∂zs

]
δzds−H∆s|s2s1+

∂L
∂ψs

∆ψ

∣∣∣∣s2
s1

+
∂L
∂rs

∆r

∣∣∣∣s2
s1

+
∂L
∂zs

∆z

∣∣∣∣s2
s1

− F

2πκ
∆z|s1 ,

(2.5)

where δE′
L = 0 gives a stationary shape, and variations of each coordinate at the poles are

given by
∆r = δr + rs∆s , ∆z = δz + zs∆s , ∆ψ = δψ + ψs∆s , (2.6)

4



according to (4.5). In Eq. (2.5), H ≡ L− ψs∂L/∂ψs − rs∂L/∂rs − zs∂L/∂zs plays the role of
the Hamiltonian of the system

H =
r

2

[
ψ2
s −

(
sinψ

r

)2
]
− Σ

κ
r − 1

2

P

κ
r2 sinψ + γ cosψ − η sinψ , (2.7)

as defined in Eq. (4.7) in section 4. Given that the Langrangian function (2.3) is not an explicit
function of arclength, i.e. ∂L

∂s = 0, then

dH
ds

= 0 (2.8)

and H is constant.
When δG′

L = 0, the terms in the integrand of Eq. (2.5) yield a system of Euler-Lagrange
shape equations for arbitrary variations of (r, z, ψ) as follows,

ψss =
cosψ sinψ

r2
− ψs

r
cosψ +

1

2

P

κ
r cosψ +

γ

r
sinψ +

η

r
cosψ , (2.9)

γs =
1

2
ψ2
s −

sin2 ψ

2 r2
+

Σ

κ
+
P

κ
r sinψ , (2.10)

ηs = 0 , (2.11)

where the Lagrange multiplier functions γ and η enforce the geometric arclength relations (2.1)
locally.

Boundary conditions (12)-(13) in the main text still apply for the system of equations (2.9)-
(2.11). Note that Eq. (13) combined with the arclength relation (11) and the radial geometric
constraint (i.e., rs = cosψ) yield equivalent boundary conditions for the tilt angle,

ψ(0) = 0 , ψ(L) = π , (2.12)

which enforce that the first three terms and the last term in Eq. (2.7) vanish, leading to

γ(0) = γ(L) = H , (2.13)

where,
H ≡ 0 , (2.14)

for arbitrary variations in arclength at the poles.
Constraints of constant area and constant volume can be imposed globally using

AT −
∫ L

0
2πr ds = 0 , (2.15)

and

VT −
∫ L

0
πr2 sinψds = 0 . (2.16)

Equation (2.14) implies that the meridional, pole-to-pole distance L of the vesicle is deter-
mined self-consistently (i.e., for ∆s|poles ̸= 0) to satisfy the extremum condition on the elastic
energy, δE′

L = 0. Moreover, boundary conditions of fixed angles at the poles and closed vesicle
shapes yield ∆ψ|poles = ∆r|poles = 0, respectively. For non-zero changes in height of the vesicle,
∆z|s1 ̸= 0, a point force of the form shown in Eq. (23) in the main text is needed to enforce
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δE′
L = 0, where we assumed, by symmetry, that the forces acting on both poles are equal and

point in opposite directions. The same relation for the force given by Eq. (23) is recovered in
section 3 using the local behavior of the tilt angle (3.7), the extremum of the energy Eq. (6),
and the definition of the axial force (7) in the main text.

The system of Euler-Lagrange equations (2.9)-(2.11) and boundary conditions (12) in the
main text, (2.12), (2.13), and (2.14) along with the geometric relations (2.1), (2.15) and (2.16)
can be solved numerically for axisymmetric vesicle shapes. A possible numerical approach is
to use an implicitly, two-point boundary value problem in a truncated domain with modified
boundary conditions to avoid coordinate singularities at the poles [5]. This analysis can be
conducted for an ensemble of axisymmetric membranes with edges (or holes at both poles)
hold at a fixed separation by an axial force, where the same form of Eq. (23) in the main text
has been derived in Ref. [6].

In the constant-height scenario, the potential (2.2) is modified using relation (23) in the
main text directly, [7, 8]

G̃′ = 2πκ

∫ s2

s1

L̃(r, rs, ψ, ψs) ds , (2.17)

where the axial force appears in the modified Lagrangian and enforces the geometrical con-
straint of constant height as follows

L̃ =
r

2

(
ψs +

sinψ

r

)2

+
Σ

κ
r +

1

2

P

κ
r2 sinψ + γ(rs − cosψ) +

F

2πκ
sinψ , (2.18)

and

h0 +

∫ L

0
sinψds = 0 , (2.19)

enforces a relation for the fixed height, h0, using zs = − sinψ. Taking the first variation
of (2.17) following the steps used in the energy minimization of Eq. (2.5), yields a system of
Euler-Lagrange equations dynamically equivalent to (2.9)-(2.10) where one uses Eq. (23) in the
main text to eliminate η. In this case, the boundary conditions are r(0) = r(L) = 0, z(0) = 0
and z(L) = h0 with the geometric constraints on area, volume, and height given by (2.15),
(2.16), and (2.19), respectively. The boundary terms in the energy minimization (cf. Eq. (2.5))
yield the addition condition H̃ ≡ 0 for ∆s|poles ̸= 0, where

H̃ =
r

2

[
ψ2
s −

(
sinψ

r

)2
]
− Σ

κ
r − 1

2

P

κ
r2 sinψ + γ cosψ − F

2πκ
sinψ , (2.20)

by definition H̃ ≡ L̃ − ψs∂L̃/∂ψs − rs∂L̃/∂rs, and the condition of zero moment at the poles

(rψs + sinψ) |poles = 0 , (2.21)

for ∆ψ|poles ̸= 0. The numerical solution of the modified system of Euler-Lagrange equations
determines the pressure, tension, and axial force for specified values of volume, area, and height,
respectively; the length L and the tilt-angle at the poles are determined self-consistently such
that H̃ is constant and the moment is zero.

2.1 Note on the correspondence between shape equations

The direct correspondence between the general shape equation (8) in the main text and
Eqs. (2.9)-(2.11) is obtained by eliminating the Lagrange multiplier functions (γ, η) from
Eqs. (2.9)-(2.11) and (2.7) using H ≡ 0.
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The steps are as follows: (i) eliminate η = η(ψ,ψs, r, γ) from Eq. (2.7) setting H = 0;
(ii) this expression is then used in Eq. (2.9) to yield a relation for γ = γ(ψ,ψs, ψss, r); (iii)
finally, γ is eliminated from Eq. (2.10) by differentiation with respect to arclength. This
procedure results in a third-order shape equation in the tilt angle as previously reported in the
literature [4], that can be recast in the form of Eq. (8) using definitions (9)-(10) and relation
(2) in the main text.

This equivalence between the general form of the shape equation (8) in the main text and the
system of Euler-Lagrange equations for axisymmetric vesicle shapes was a controversial topic in
the 90s and early 2000s [4,9–13]. Ou-Yang and coworkers [9,10] argued that the Euler-Lagrange
shape equations when parametrized by the radial distance from the symmetry axis to a point
on the surface [14, 15], or by arclength [3] led to different shape equations when compared
to the general shape equation (8) specialized to axisymmetric geometries. Zheng & Liu [11]
showed that both shape equations (see Eqs.(2) and (3) in Ref. [11]) are relatable by a simple
formula where the Euler-Lagrange shape equation is cast as a first integral of the more general,
higher-order shape equation. In fact, both equations yield the same results for closed vesicles
with smooth profiles where the constant of integration in Eq.(5) of Ref. [11] is set to zero.
This constant of integration can be associated with the axial point force discussed above [7,8]
and hence vesicles with smooth, analytical contours are freely suspended or unconstrained. In
this limit, vesicle contours are independent of the choice of parametrization, the total length
and the height of the vesicle are free to vary, and the resulting vesicle profiles reduce to a
special subset of minimum energy, stationary solutions to Eq. (8) [7]. The complementary,
higher-energy set of vesicle shapes obtained from Eq. (8) lose analyticity at the poles where
discontinuities in higher order derivatives of space variables are predicted [8, 12]. These non-
analytic stationary shapes are associated with vesicle configurations resulting from the action
of axial point forces, or, equivalently from an additional geometric constraint of fixed vesicle
height [4, 12,16].

Blyth & Pozrikidis [13] revisited this topic and pointed out inconsistencies in the derivation
of the Euler-Lagrange shape equations (2.9)-(2.11) with η = 0 when the “Hamiltonian” function
of this system is set to zero. The authors presented numerical solutions to the general shape
equation (8) for axisymmetric shapes and enforced smoothness of the profile at the poles by
setting dc1/ds = 0 as one of the boundary conditions. Note that this is equivalent to setting
the axial point force to zero (cf. Eq. (7)) which yields a special subset of stationary solutions
to Eq. (8). Hence, the results shown in Figs. 3(a)-(c) of Blyth & Pozrikidis are for freely
suspended vesicles and are in agreement with the results obtained from the system of Euler-
Lagrange shape equations reported in Refs. [3, 4] with η = 0.

Blyth & Pozrikidis [13] also computed axisymmetric shapes using a thin-shell formulation
for isotropic tensions and isotropic stress resultants integrated across the membrane thickness.
Their results indicate a broader set of stationary shapes that arise from the solution of stress
balance shape equations that are dynamically-equivalent, not exactly equal to Eq. (8) in the
main text or Eq. 3 in Ref. [13]. The reason for this difference in form of the shape equations
is a consequence of the choice of the linear constitutive equation for the meridional, Mm, and
azimuthal, Mϕ, bending moments acting on a patch of membrane. For instance, for Mm = κc1
and Mϕ = κc2, where κ is the bending rigidity, the shape equations derived from force-torque
balance assuming isotropic lateral tensions and isotropic integrated stresses derived in Ref. [13]
differ from the shape equation (8); however, as shown in the Appendix of Powers et al. [17],
the general shape equation is recovered if the bending moments are defined in terms of the
mean curvature, i.e., Mm =Mϕ = κ(c1 + c2).

Some vesicle profiles reported in Ref. [13] are in qualitative agreement with the solutions
shown in section 3 of the main text; however, self-intersection of the shapes in multi-lobed
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branches or pinching dynamics at the poles of vesicles with elongated tips are not verified in
our work for vesicle shapes with two-fold symmetry. This suggests that the physical conditions
in both works are different within a higher dimensional configurational space; moreover, all
numerical solutions in Ref. [13] are for unconstrained vesicles.

3 Local analysis of the shape equation near the poles

In this section we show a local analysis of the tilt angle near the pole (i.e., for |s| ≪ 1) where
we take ψ → 0 and r → 0. Since rs = 1 at s = 0, it follows from Eq. (2.1) that r ∼ s to leading
order. In this limit, Eq. (2.10) reduces to

γs ∼
Σ

κ
+

1

2

[
ψ2
s −

ψ2

r2

]
. (3.1)

Since H ≡ 0, we assume r
[
ψ2
s −

ψ2

r2

]
→ 0 as s → 0 yielding a linear, local behavior for the

Lagrange multiplier function,

γ ∼ Σ

κ
s , (3.2)

implying that γ(0) = 0. Inspection of Eq. (2.9) in the limit as |s| ≪ 1, leads to

ψss ∼
(
ψ

s2
− ψs

s
+
η

s

)
+

1

2

P

κ
s+

γ ψ

s
. (3.3)

Since both γ and ψ tend to zero as s→ 0, we neglect the term ∼ (γψ)/s; note that the pressure
term also vanishes as s→ 0. Thus, to leading order, the tilt-angle is governed by

s2ψss + sψs − ψ = −ηs , (3.4)

that admits a homogeneous solution of the form,

ψ ∼ as+
b

s
, (3.5)

where we set b = 0 since ψ → 0 as s→ 0. A particular solution to Eq. (3.4) is

ψp = −1

2
η s ln s , (3.6)

and hence the general solution local to s = 0 is

ψ ∼ a s− 1

2
η s ln s . (3.7)

An equivalent local form for the tilt angle ψ has been previously reported in Ref. [7]. Inserting
the local behavior for the tilt angle (3.7) into Eq. (3.4) confirms, after integration, the leading
order behavior of γ given by Eq. (3.2) using γ(0) = 0. In fact,

γ ∼ γ0 s+ γ1 s ln s (3.8)

where

γ0 =
Σ

κ
− η

2

(
a+

η

4

)
, (3.9)

and

γ1 =
η2

4
. (3.10)
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The local behavior for the spatial variables (r, z) can be obtained directly from the local
behavior of the tilt angle ψ. Inserting Eq. (3.7) into relations (2.1), one gets after integration

r ∼ s+ r1 s
3(ln s)2 + r2 s

3 ln s+ r3 s
3 +O(s5(ln s)4) , (3.11)

and
z ∼ h0 + z1 s

2 log s+ z2 s
2 +O(s4(ln s)3) , (3.12)

where the O(1) constant of integration in Eq. (3.11) is set to zero for closed shapes, h0 is the
height of the vesicle at s = 0 (north pole) and the south pole is located at the origin of the
coordinate system illustrated in Fig. 1(b) of the main text (i.e., z(s2) = 0). The asymptotic
coefficients in Eqs. (3.11) and (3.12) are

r1 = − 1

24
η2 , r2 = η

(a
6
+

η

36

)
, r3 = −a

6
− η

( a

18
+

η

108

)
, (3.13)

and
z1 =

η

4
, z2 = −

(a
2
+
η

8

)
, (3.14)

respectively.
Equations (3.11)-(3.12) show non-analytic behavior for the spatial variables (r, z) near the

poles. If η = 0, r and z can be expressed as Taylor series expansions of cosine and sine about
s = 0, respectively, since ψ ∼ as→ 0 as s→ 0 and the logarithmic dependance is removed. In
this case, the contours are considered smooth for all s.

A direct relation between the Lagrange multiplier η and the axial force, F , is obtained using
definition (7) in the main text and the asymptotic behavior of the tilt angle (3.7), yielding
Eq. (23), where Hs ∼ ψss and r ∼ s. Smooth vesicle contours with local analytic behavior for
|s| ≪ 1 implies that the axial force vanishes at the poles (i.e., the vesicle is freely suspended)
if, and only if, Hs = 0. Alternatively, if the Lagrange multiplier η is nonzero and finite, the
point-force acting at the poles is also nonzero and finite since (Hsr)|poles is bounded for shapes
with finite energy. The non-analiticity of axisymmetric, closed contours when η ̸= 0 has been
pointed out in the literature in Refs. [4, 12]. Note that the local behavior of ψ leading to
γ(0) = 0 implies that the “Hamiltonian” of the system is constant and equal to zero for all s
even when η is nonzero and finite. In this case, the axial force is sufficient to guarantee the
interfacial force balance (8) at the poles or, equivalently, to satisfy the condition that the first
variation of the total elastic energy (6) is zero for all s (cf. Eq. (2.5)).

3.1 Effect of spontaneous curvature

The local analysis presented in section 3 can be extended to include the effect of spontaneous
curvature, where the shape equations (2.9) and (2.11) remain the same, and Eq. (2.10) becomes
[4]

γs =
1

2
(ψs − C0)

2 − sin2 ψ

2 r2
+

Σ

κ
+
P

κ
r sinψ . (3.15)

Inserting the rescaled forms of the tilt angle and tension

ψ̃ = ψ − C0r , (3.16)

and

Σ̃ = Σ− 1

2
κC2

0 , (3.17)
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in Eq. (3.15) yields

γs ∼
Σ̃

κ
− ψ̃

r
C0 +

1

2

[
ψ̃2
s −

ψ̃2

r2

]
. (3.18)

We follow assumption (3.2) where

γ ∼ Σ̃

κ
s , (3.19)

is obtained by inspection of the Hamiltonian Eq. (2.7) using the condition H ≡ 0 given that

r

[
ψ̃2
s −

ψ̃2

r2

]
→ 0 , (3.20)

γ ∼ rψ̃sC0 , (3.21)

and γ(0) = 0. Hence, the governing equation for the rescaled tilt angle ψ̃ has the same form
as in Eq. (3.4) with solution given by

ψ̃ ∼ a s− 1

2
η s ln s , (3.22)

where assumptions (3.20)-(3.21) are automatically satisfied. Substituting the rescaled solution
for ψ̃ into Eq. (3.18) yields the local behavior

γ ∼ γ̃0 s+ γ1 s ln s+O(s2 ln s) (3.23)

where

γ̃0 =
Σ̃

κ
− η

2

(
a+

η

4

)
, (3.24)

and γ1 is given by Eq. (3.10).

4 Hamilton’s Principle of Stationary Action

In this section we present a derivation of Hamilton’s principle of stationary action following [18]
to complement the discussion on the tilt-angle formulation for stationary shapes presented in
section 2. Hamilton’s principle of stationary action is typically associated with the minimum
of an action functional defined as

S =

∫ tf

ti

L(q(t), q̇(t), t)dt , (4.1)

where L is the Lagrangian of a system in a configurational space spanned by n generalized
coordinates q and velocities q̇. Let the scalar action S represent the extremum path between
initial and final states of a system at two different times ti and tf , respectively. Taking the
variation of S by sampling through a family of neighbouring paths defined at ti → ti+∆ti, tf →
tf +∆tf , and qj(t) → qj(t) + δqj(t), where δ represents an infinitesimal virtual displacement,
yields the incremental change in the action

δS =

∫ tf

ti

∑
j

(
∂L
∂qj

δqj +
∂L
∂q̇j

δq̇j

)
dt+ [L∆t]tfti , (4.2)
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where j = 1, . . . , n spans the space of generalized coordinates and velocities. Integrating by
parts the second term in the sum of Eq. (4.2), results in

δS =

∫ tf

ti

∑
j

(
∂L
∂qj

− d

ds

∂L
∂q̇j

)
δqj dt+

L∆t−∑
j

∂L
∂q̇j

δqj

tf
ti

. (4.3)

Equation (4.3) includes the variation of the Lagrangian along the path, and additional varia-
tions at the endpoints including the effect of increments in time between neighbouring paths.

The stationary principle in Lagrangian mechanics is centered on the determination of ex-
tremum paths undertaken by a system between two fixed locations in configurational space at
two different times (e.g., qj(ti) and qj(tf )). The end coordinate points are fixed and hence
δqj(ti) = δqj(tf ) = 0 and ∆ti = ∆tf = 0; in this limit, Eq.(4.3) simplifies to

δS̃ =

∫ tf

ti

∑
j

(
∂L
∂qj

− d

ds

∂L
∂q̇j

)
δqj dt , (4.4)

where, for independent variations of the generalized coordinates, the term in parenthesis van-
ishes yielding a stationary path (i.e., δS̃ = 0) along which the system evolves in time according
to the Euler-Lagrange equations.

The stationary principle in Hamiltonian mechanics, involves the general variation of the
Lagrangian functional as shown in (4.3), where the relative action between two paths is taken
at different initial and final locations at different initial and final times. The integral term in
(4.3) vanishes yielding a set Euler-Lagrange equations for the system, and the remaining term
contains endpoint contributions to the variation. Let the total variation at each endpoint be
defined as

∆qj = δqj + q̇j ∆t ; (4.5)

inserting (4.5) into the second term on the right-hand-side of Eq. (4.3) results in

δS =

∑
j

∂L
∂q̇j

∆qi −H∆t

tf
ti

, (4.6)

where

H ≡ −L+
∑
j

∂L
∂q̇j

q̇i , (4.7)

is the Hamiltonian of the system, and Eq.(4.7) represents Hamilton’s principle of least action.

5 Experimental methods

5.1 Detailed balance analysis

To check for the equilibrium nature of the fluctuations, we tested for broken detailed balance
in the transitions between microscopic configurations based on height-height membrane fluc-
tuations [19] (see chapter 6 of Ref. [20] for more details about the method). The configurations
correspond to the shapes defined by different Fourier modes. In equilibrium, it is equally likely
for the forward and backward transitions to occur between any two different Fourier modes. A
non-equilibrium system, however, would display a probability flux in the phase space of shapes.
Figure 2 shows the probability density map for Fourier modes 3 and 4 of vesicles fluctuations
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in the absence and presence of electric field strength, as indicated. The probability is defined
as the ratio of the time spent at a given state. The arrows indicate the currents across box
boundaries determined by counting transitions between boxes. A nonzero value of the contour

integral of the probability current, Ω =
∮
C j·dl∮
C |j| dl , would indicate out of equilibrium dynamics.

However, we noticed for moderate electric field strength ranging from 0-10 kV/m the detailed
balance was not broken as indicated by Ω ∼ 0. This implies that the fluctuations are still
thermally driven in the presence of electric field.

We characterized the Gaussianity of the fluctuations using the fourth PDF moment, Kur-
tosis, Kurt. For a Gaussian distribution, Kurt = 3. In Figure 2 we demonstrated the Kurtosis
for every mode number for the same vesicle in presence (7 kV/m) and absence of electric field
strength. Our results confirm the previous analysis of unbroken Detailed balance with Kurtosis
values Kurt ∼ 3 for membrane fluctuations in the presence of electric field as well.

Figure 2: Nature of membrane fluctuations probed in the presence and absence of electric
field. Probability current flux, Ω, detailed balance, and Kurtosis values for DOPC vesicle in
the absence of applied field strength (a), and in the presence of electric field at 7 kV/m, (b).
The salt concentration in the inner and outer solutions for DOPC vesicles are 0.4 mM NaCl
and 0.8 mM NaCl, respectively.
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