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Sl. Analytical Calculations for the Non-Hermitian Quantization or Exceptional points control:
The second-order Fluorescence (FL) system is given as;

P = 1G, [} (Sl)

(Top +iAy+] Gy [P AT +2iA)+ | Gy [P AT gy +idy +i )Ty

Firstly, from r,,+ia+|G [P (T, +2ia) the fraction a can have two values. Secondly, by splitting the above

level, from |G, P ity +ia +is,) the fraction can have two values, so A, have three values in total,

2
T, +iA, + B (< — 0, Ty +iA)([Ty +2iA1)+|Gl|2 -o,and T,y —iA Ty, + 2iA T, — 2A} +|G1|2 =0.
Ty + 2IA)

SI.1 Real part quantization:

Substitute A, =a into the formula in the above photon dressing formulas, we get:
T,,Ly —ialy, +2ial,, - 24> + 4iab +|G [ =0. Find the root of the real part of the denominator by ignoring

b* (reason: b° is very small), and we get: It can be solved for e rz.,r.,o;\cf , Which corresponds to linewidth.
Now substitute A =b into formula (2), we get: —idab+ia(T, +2T,)=0 bz@, where
p-Ta2o corresponding to the lifetime (r). Secondly Solved for: (A —x)@A,—x,)=0, and
AT gy +iA2 = Aix, +iA A, = x Ty + XA, +ix? +x,iA,+] G, =0 Putting A=C and A =c*+i2ed WE get
cTy, +ic® =2ed +iA c—x Ty, +2xic+xid  +ix +| G, [=0. Again, Putting x1= a+ib with b=0

cl"m+icz—2cd+iAplc—al“01 +2iac+iaApl+i(a+ib)2+|Gpl =0, and A+(A, +a)e=0- A further solution is

L T 20 (A, +20) ~4()@h, ~B") 1 (T ~Ded -aly, ~2ab+|G,, =0 2¢d =T, =2cd —al'y, - 2ab+| G, fr,_cTu—2ed—aly ~2ab+ |G, [ -
= 3 2¢

Key Laboratory for Physical Electronics and Devices of the Ministry of Education &
Shaanxi Key Lab of Information Photonic Technique, Xi’an Jiaotong University,
Xi’an 710049, China

+ Authors contributed equally.

Electronic Supplementary Information (ESI) available: [details of any supplementary

information available should be included here]. See DOI: 10.1039/x0xx00000x

Please do not adjust margins




Please do not adjust margins

ARTICLE Journal Name
SI.2 Imaginary part quantization:
Substitute A, =ib in the above photon dressing formulas, we get:

. . . . 2
€Ty +ic = 2cd +i8 e~ ()T, + 2U(iB)e +i(iD)A,, +i(a+iB) +] G, =0 Find the root of the imaginary part of the denominatora®,

ignoring (reason: a” very small), we get:

F+Ac—b(Ty +b)=0, A, A7 40Ty b)), o, ~2ed—(2c+A  +2a)b+| G, f=0 , T, -@e+a, +2a0m+]G, - Secondly Solved
P c= 01 pl pl d= P P
2 2c

(A = x)(A, —x,)=03Nd AT L inz A il A~ x T+ xiA, +ix? +xiA, +] G, F=0+ PUt A =C and A?=¢?+i2¢d,
Ly +ic* =2cd +i e = x Ty, +2xic+xiA , +ix;+] G, [=0. Putting x1=a+ib with a=0,
o[y, +ic* ~2¢d +il ¢ ~bTi-2be-bA , +i(a+ib)+| G, p=oand ¢ +A,c+bly —=b*=0- The further solution we get

o *(Apn)i\/(Apl); “4OTw=b") (T ~2ed ~2be-bA,, ~2ab+|G,, =01 2cd =T, ~2ab—bA,, ~2ab+| G, [ and
_ g =2ab—-bA , —2ab+| G, P .
B 2c

Numerical solution: directly solve the quadratic equation in one variable with the root-finding formula,

d

and obtain the expression in the simulation program. The EP point can be obtained by setting the value
under the root sign to 0. When the square root part is zero, the real and imaginary parts will be equal
that correspond to the Exception point (EP point).

S1.3 Real Non-Hermitian quantization or EP Control

Tl +G] [Calio+IGI
2 \ 2

* 81—‘201—‘00
Re(m):(vl 1250 7 peqpy - 20 Where a _—*'2 refer to the real part.

SI.4 Imaginary Non-Hermitian quantization or EP control

Im(EP1) = Im(EP2) = —ipl . Moreover, we show the summary of the Eigenvalues, Linewidth, and

Exceptional points of the four kinds of dressing i.e. single, parallel, cascade, and nested in table form
below.

SIl. Solution of the FL Dressing Equations

I1.1 Single dressing: The second-order density matrix element for the FL case via single dressing can be
written as

G 12
P =Gl (52)
Ty +id+] Gy |7 H(Tyg +iAy —iA )5,

Solving for the real part where the eigenvalue is given as , _(, . .- A further solution for the linewidth

results in r, =a,, +I,,)/2 . The imaginary part can be calculated in the above formulas which result in the

el =
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eigenvalue as 5, .r,: 2. A further solution for the linewidth can be achieved ina, =a,, -r.a,,)/24 .

where U, 4 Ay [ Gy P, M=y +Ta)* —4TT |G

2
pll'

Sll.2 Parallel dressing: The second-order density matrix element for the FL case via parallel dressing can
be written as

. 67 (s3)

(Tap +iAy+| Gy [P ATy +isy =il )Ty | Gy [ (T +iA))

The numerical solution is derived from the root formulas whose solution for the real part eigenvalue is
given as . - w.r,:16pr,, and its solution for the linewidth is given by T =(T,ly+|G [)/Ty, . The first EP
point for a=0. A further solution for the imaginary part eigenvalue and linewidth is given as
By =~(TyT+|G P)/iTy and a,, —ror.+ G/, respectively. For the phonon dressing, the solution for the
eigenvalue and linewidth of the real part is given as 4,=(a,:U,2and r,,=m,,+r,)/2, respectively.
Moreover, the solution for the eigenvalue and linewidth of the imaginary part is given
as By, =, +Ty £ W) /2and Auz =(dA, ~To0A )/ 2d respectively. Where Uy =A, [P =4T Ty |G [,

Wy =(Tyg+T )’ =4y |G

2
p1| .

SlII.3 Cascade dressing: The second-order density matrix element for the FL case via Cascade dressing can
be written as

o= G
(T +id+| Gy [P (T gg +2iA)+| Gy [P (T gy +iAy +iA )T o

(S4)

The solution for the eigenvalue of the real part is given by 4 -+fr,r,/2 and gets the linewidth as
I, =T, —2T,)/4 . The numerical solution for the eigenvalue and linewidth of the imaginary part is given
as g =-A, =W, /2 and A, —(cr, +x,)/2¢c, respectively. Further, the numerical solution of phonon
dressing eigenvalue and linewidth of the real solution is given as Ay = (A, +2a) 4T, 12 and

I, =cl, —V,/2c » fespectively. The imaginary solution of the eigenvalue and linewidth is given by

By = (A, £ s pand A =cr, +X,,/2c, respectively. Where W= A2 —4b(Ty +b)r Uy, =(A,, +2a) —4(1)aA , —b%)s

Wy =(A,,) —4(bT,, —b%) 3 nd Xy =(2¢+A,, +2a)b+|G,, 1 Xy, =—2ab—bA , —2ab+|G,, |+

SIl.4 Nested dressing: The second-order density matrix element for the FL case via Nested dressing can
be written as
2
- s
2
(Do il + |G/ (Tog +128, +[G,| /Ty +124, =i, )T,

(S5)

The solution for the eigenvalue of the real part is given byA“:iJm/2 and gets the linewidth as
r,=(o,-T,)/4 . The numerical solution for the eigenvalue and linewidth of the imaginary part is given as

By, + /4 @Nd A, =cl + X, /4c, respectively. Further, the numerical solution of phonon dressing
Lt
eigenvalue and linewidth of the real solution is given as Ao =(8, +4a) T /4 and 1, =cr,~4ab+ a4 [G, [ 14

respectively. The imaginary solution of the eigenvalue and linewidth is given by342=4b_Apli\/W:/4and
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A, =dTy—X,/4d, respectively. Where, _ A, 2 —42ib* +i4bT s

Wy = (A, —4b) ~8(2b> + A, b),ANd X, =—4ab+4bc+bA, +|G

U42=(—Ap1—4a)2+4a(2a+Ap1)r
2 2
| 1 Xp=4ab+Tb+|G, |

Table S1 FL real and imaginary quantization of Eigenvalues and linewidth for different dressing.

Dressing Eigen Value Linewidth
Real part Imaginary part Real part Imaginary part
Single A= (A, £U)12 B =(Tyg+ T W) /2 T, =00 +T5)/2 Ay =(dA, —TyA, )/ 2d
r'=5-6, r=\u; T =
Parallel Ay =[ThHGE 2 By =+ TG, F /2 [ =Tyl G 2/ Ty Aot =TT+ G [P /T,
AZZ:(_Ap]t\/U—ZZ)/Z Bzz=(r10+rzot\/W_zz)/2 Lo =g +T5)/2 Appy =(dA, —TyA )/ 2d
=0, =\,
Cascade Ay = +,[8T, T, /2 By =—A, W, /2 [ =@y —2I,)/4 Ay =(cy, + X5/ 2¢
Te=d-a o T,
A=A, +2a)£ U, 12 B, =—~(A,) AW, /2 T, =cly —Vy/2¢ A, =cly +X,,/2c
=0y, [PENT
Nested A, =+ JT, 0y +[Gf /2 B, =(A, £ W)/ 4 Ty =(2y-Ty)/4 Ay =cly+ X, /4c
Ty =6-6 1 =Pl 4G T =7, /2
Ay =8, +4a) £ JU,) 14 B,=4b-A, W, /4 T, =l —4ab+Tyya+|G, [ 14e A, =dl,, - X, /4d
I =\U,/2 =W, /2
Table S2 FL Single dressing Non-Hermitian Quantization
Real part Imaginary part
Dressing
Resonant linewidth Resonant position  linewidth
position
single (D L) _Apl (Typ+T59)/2 (Typ+Tp)/2 (dA ) =Ty ,1) /2
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Table S3 FL Parallel dressing Non-Hermitian Quantization

Real part Imaginary part
Dressing
Resonant linewidth Resonant position  linewidth
position
Tl GR/Ts (CyTyt |G )/ Ty 0

Parallel( DFL)

c==A,/2

(T +T5)/2 (i +T5) /2 (dA, —Tyh,)/2d

Table S4 FL Cascade dressing Non-Hermitian Quantization

Real part Imaginary part
Dressing

Resonant linewidth Resonant linewidth

position position

0 Ty —20,,)/4 (A, —2a)/2 Ty, —2¢cd —aly, —2ab+| G, [* 12¢
Cascade ( D, )

A, /2 (€To= Qe+ 8, +2a0+1Gu )26 _p /2 Ty —2ab—bA,, ~2ab+|G,, | /2¢

Table S5 FL Nested dressing Non-Hermitian Quantization

Real part Imaginary part
Dressing
Resonant linewidth Resonant linewidth
position position
0 (2 +Ty) /4 A4 4 (T, ~dab+T,a+|G,[)/ 4c
Nested ( D )
A, /4 (T, ——4ab+dbc+ b, +|G, )/ 4c (4b-A,)/4

(dr', ~4ab+T,p+[G, [}/ 4d

The solution of the four types of dressing equation for the spontaneous four-wave mixing (SFWM) is
described in the following.

Slil. Solution of the SFWM dressing Equations

SlIl.1 Single Dressing: By opening field E1, the dressed third-order density matrix element for ES/S can be
written as

This journal is © The Royal Society of Chemistry 20xx J. Name., 2013, 00, 1-3 | 5
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_iGAS/SGlGl‘ (56)

3
Pias = ) ) ; E 2 ; o
(Typ +iA)(Tg +’5As)(r20 +i85/5 +ib |Gy | /(FIO +i8 55 +il _lApl))

This system is not a loss system and has no attenuation with 5,, =-5; Solve for the real part where the
eigenvalue is given asq =((a,,-2a)+k ) 2. A further solution for the linewidth results inr,, =, +1,0)/2+y . The
imaginary part can be calculated by substituting s, =i»into the above formulas which results in the

eigenvalue as blz((r20+rm)i\/ﬁ)/2. A further solution for the linewidth can be achieved in
Ag=(A,-28 )/ 2+x,. Where Uy = (A, — 240 +4(T o010~ A2 +A A 4G, ) and v, =(A Ty ~A, Ty +A,Tyy)/2a,

Wy =Ty +T50)> = 4Tyl — A2 + A A +G ;) @NA x = (A Ty~ A, Ty +A,Ty) /25 .

Slil.2 Parallel dressing: we got two dressing in the form of two small equations in the denominator such
as G1, gama20, and GP1, gamal0. Similarly, the third-order density matrix element for stocks and anti-
stocks via parallel dressing can be written as

o ~iG,, GG, (S7)

pAS/‘Y: . . 2 . . A’ 2 . A" .
Ty + zA,)(rOu 408,45+ G| /(T + 2085, 45 )ﬁm +i, 45 +IA, +] G| /(T +i5, 45 +i1A, = mp,))

The numerical solution is derived from the root formula:512:_(_1'(1"20+2r‘00)i\/_(r20+21"00)2+8(1"201"00+|G1|2)j/4 ,

Whose solution for the real part eigenvalue is given as , — ,(rzoroo +\G1\2)2 , and its solution for the linewidth

is given by 1, =(r,, +2r,,)/ 4 (linewidth). The first EP point for a=0. A further solution for the imaginary part

eigenvalue and linewidth is given as b21=((1"20+21"00)i\/w_2,)/4 and A, =0, respectively. For the phonon

dressing, the numerical solution is derived from the root formula:

éf-{-(frmwfm—mi+A,,.)tJ(le+frm—2A;+A,.5M(rzor,o+iA;on—iA,IFwiA\rm-Aﬁ+A;A,,.+\G,,,\Z)J/2' where the solution for the eigenvalue and linewidth of the
real part is given as azz:((Apl_ZA;)i@)/zand r,,=(T,+I,)/2+v,, respectively. Moreover, the solution for
eigenvalue and linewidth of the imaginary part is given ass, =, +1,)/2¢/w, and a,=(A,-24)/2+x,,

rESpeCtlvely' Where wyy = (D + 21“00)2 —8(1“201"00 + ‘Gl‘z)’ Uy = (Apl _ZA;)Z +4@20r10 -A; +A;Apl+‘GP|‘Z)’

. . . : - 2 2 . 2
v = (A = A, T + AT, ) (B, -2 ) \/(AF1 ~oA) + 4@0% —A2+ AlApﬁr‘GP,r)' wy =Ty +T)" -4 é"zorm —AT+ AlApﬁr‘Gpl‘ )’

= (AL~ A, T + AT, )/ (rm+rm>i‘]<rm+r.¢,f ~4(ar, -7+ a8,406,[)

Slll.3 Cascade dressing: it’s also got two dressings in the one small equation denominator part with G2
and gama20 in the same bracket and Gp1 and gamal0 also in the same bracket. These two dressing are
in the same bracket but in parallel, it is in a different bracket.
@ _ ~1G45/56/Gi
Psias = : : 7 T 2 : : L (8)
(Typ +iA )T gy +i0 45,5 HGy] /(F20+1A1+15AS,S)+\GP1| /(Flo+15AS/s+lAp1))(on+1A1+15Asxs)

The solution for the eigenvalue of the real part is given by a, = ((a;+24)+u;, 2 and gets the linewidth as

.5 = (T +T5)/2+v;, . The numerical solution for the eigenvalue and linewidth of the imaginary part is

given as b, = (T +Ta) tfwy, )2 AN 5 =(aj+24,)/2+x,, Fespectively. Further, the numerical solution of
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phonon dressing eigenvalue and linewidth of the real solution is given as ap = (a2, +8, )% i )2 and

T, =((a-c)Ty,—2ab+2bc—v, )/ 2¢ respectively. The imaginary solution of the eigenvalue and linewidth is

given respectively. Where

by, _ (g -2b+,+8,) 2w, Y22 nd A =(aTy—2ab+2ad +x,,)/2d »

Uy = (A]+ A+ M) + 4 50 — AJA, — AIA,HG, ), V3, = (2T oA +T50A)) / 24, Wy = (Too +Ta0)? = 4(Tola0 — 2414, 4G, %),

%31 = (2000A +TopA )/ 26 ) 1y = (2a+A,+4A,,) —4(T +a* +A,+4,)r vy, = (A, +A,)b-G s
Wy =Ty =2b+ A +A,) +4(@ +(A +A, +T )b 7 x, =(A +A,)a-[G,,[r

Slil.4 Nested dressing: Gpl and F10 are in the denominator of the G1 and FZO. Their relationship is just
dividing. In cascade, their relation is just added to each other.

2
2) _ ‘Gl‘
2
(T + A, +|G[ /(T +20, +[G,| /(T +i28, =M, )T,

FL

(S9)

2_ 2 42 . . . .
Let 6°=a"-b"+2ab; we get b and ignore the real part and retain the imaginary part
. . . 2 . 2 _
Pool'ao + 85T = 1algg — ial'yg + aly +b° = 2abi + |G1|" =0 g supterms for the nested dressing
solutions are given as u, =4A+4(Ty 0 —A2HGP), Uy =(2a+A, =AY — 4T, +a +A,—A )1 vy =A(Tog +T29)/ 2a
Vi ==2ab +2b,c, ~ (8, A )b —G [ War = (Tog +To0)" = 4ol ~AHGI) ,  w, = (T =26+ A, =A ) +4(a* +(A, ~A,, +T )b

x42 = 2asds +(A2 _Apl)as _|Gpl|2 *

Table S6 SFWM real and imaginary quantization of Eigenvalues and linewidth for different dressing

Dressing Eigen Value Linewidth
Real part Imaginary part Real part Imaginary part
Single @ =((Ap =28 %) /2 b=((Ty +Tig)tw)/2 Ly =y +T0)/ 24y D=8y =28/ 24
1-‘s=51‘5z 1":=\/Z r:=\/;1
Parallel ay = 1Tl +]G[) /2 by = (T + 2000 ) oy, )/ 4 T =y +20,)/4 A =0
Tp=bi-0 T =Tl + [ T;=wy
ay = (8,28t i )2 byy =((Tyy +Ty) £ f15,) /2 Loy =Ty +T00) /24 vy Ay =(A, =20/ 2+,
T =fuy, I7 =y
Cascade a;,:((A;JrZA,)t\/E)/Z b3,:—((F00+F20)th_3l)/2 T3y =—(Top+Ta0) / 2+ v3, Apzy = (AT +2A))/ 2+ x5,
Te=d-0, T} =y T = oy,
ay=(2a+a+4,)% i, )2 b= (02548, 4, ) 2, 2 Ty =((a=o)l\y —2ab+2bc—vy,))/ 2¢ Ay =(aT\y ~2ab+2ad +x,,)/ 2d
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T, =yJuy, =y
- 0 0 0
gy = (28, £ \Juy) /2 by =((-Too—Ty)tywy)/q Tear =00 +T20) /2 v Aosy = A (Log +T29) / 2+ 4,
Nested
Ty =y T =y
L
ap=Qa+A,=A, *uy)/2 by =(Tyg+2b=A,+A, £fw,;) /2 I',,=a-o)l,+v,)/2c A =(al'y,—2ab+x,,)/2d
T =l I =g
A Ty 0 0

Where r and i represent the real and imaginary parts.

Table S7 SFWM Single dressing Non-Hermitian Quantization

Real part Imaginary part
Dressing
Resonant linewidth Resonant position  width
position
Single ( dAS ) Apl_zAl‘ Ty +T10)/ 24w Ty +T9)/2 (Ap1=24))/2+x

Table S8 SFWM Parallel dressing Non-Hermitian Quantization

Real part Imaginary part
Dressing
Resonant linewidth Resonant position  linewidth
position
0 (1“20 + 21'00)/ 4 Ty +20) /4 0
Parallel ()
(a,-28)/2 (@, +T)/2+v, Ty +T,) /2 (A, —2A)/2+7x,

Table S9 SFWM Cascade dressing Non-Hermitian Quantization

Dressing Real part Imaginary part

8 | J. Name., 2023, 00, 1-3 This journal is © The Royal Society of Chemistry 20xx
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Resonant linewidth Resonant position  linewidth
position
(A +24))/2 —(Tgo+T0) / 2+, —(Tgo +Ta9) /2 (A +2A))/ 2+ x5,
Cascade( 0,'4s) (Qa+A+A,)/2 ((@a—c)l ) —2ab+2bc—vy, )/ 2c  (Tyg+2b=A=A,)/2 (al'\, —2ab+2ad +x,,)/ 2d
-4 0 Iy 0

Table S10 SFWM Nested dressing Non-Hermitian Quantization

Real part Imaginary part
Dressing
Resonant linewidth Resonant position  linewidth
position
A] (Lo +T30) /2 -V (-Too =T59)/2 A(Tgg +T50)/ 20+ 4,
Nested ( OAS ) Qardmt)2 (@ =)y +v,,) /26 (T +2b-4,+4,)/2 (al'\, —2ab+x,,)/2d
A 0 Iy 0
Table S11 Eigenvalues of cascade three dressing for FL
Energy level Real part imaginary part
|0> A =8, Ty /2 B =—A,- Wi /2
A, =+[8T,, Ty, /2 By =—A, W, /2
4,=\T, £
[1> A, =~ +2a)-JU,, /2 B, =~(A, )W, /12
4,=~(8,, + 20U, 12 B, =~(A,) W, 12
This journal is © The Royal Society of Chemistry 20xx J. Name., 2013, 00, 1-3 | 9
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