
Supporting Information

 Multiphysics analytical and numerical studies of biomolecule preconcentration utilizing 

ion concentration polarization: A case study of convergent microchannels

Van-Truong Dang1, Van-Sang Pham1,*

1 Hanoi University of Science and Technology, Hanoi, Vietnam

* Corresponding address: sang.phamvan@hust.edu.vn

Note 1. Analytical solutions of the simplified Poisson-Nernst-Planck-Navier-Stokes equations

The simplified Poisson-Nernst-Planck-Navier-Stokes equations are shown below:
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To solve these equations, we use the following assumptions: (i) the condition of electroneutrality 

is satisfied in the whole domain, i.e., ; (ii) the concentration of biomolecules is 1 1 2 2 0B Bz c z c z c  

extremely dilute compared to the ones of the electrolyte solution ( ); and (iii) in the 2D 1 2,Bc c c=

model, the length scale is much larger than its wide scale; therefore, the flow is considered as 

unidirectional, i.e., or u = f(y)./ 0u x  

In the model, the electric potentials are applied along the channel, and the width scale (y-

direction) is much smaller than the length scale (x-direction); therefore, the tangential electric field 

Ex is roughly constant along the y-direction while the normal electric field Ey is nearly zero, except 

in the region near the channel wall. Therefore, the width-averaged tangential electric field is xE

approximately equal to the Ex, which is confirmed by the simulation, as shown in Figures S1a, b.
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Similarly, the ion concentration varies along the x-direction but is nearly constant along the y-

direction. In fact, the ion concentration changes rapidly toward the charged walls of the channel, 
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resulting in the formation of the electric double layer (EDL). With different ion concentrations of 

buffer solution of 10-3 mol m-3, 10-2 mol m-3, and 1 mol m-3, the EDL thickness is approximately 300 

nm, 100 nm, and 10 nm, respectively, as shown in Figure S1c. In this study, the width of the main 

channel is 20 m; the channel-width/EDL ratio (W/2λD
 as stated below) is approximately 33 to 1000, 

allowing the assumption of thin EDL. The width-averaged ion concentration is then approximated c

by,
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From the conditions (S6), (S7), and (S8) and based on Eq. (S2), the y-direction molar flux jy is 

zero approximately, while all elements of the x-direction molar flux are independent of the y-

direction, but not the last element, which contains the velocity u. Therefore, the molar flux equals the 

x-direction molar flux, i.e., j = jx as shown in Figure S1d. From Eq. (S1), we obtain 
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The width-averaged molar flux is determined by
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Therefore, Eq. (S10) becomes
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From the assumption (i), , we set , and Eq. (S13) becomes1 1 2 2 0z c z c  1 1 2 2z c z c c  
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Adding Eq. (S14) to (S15), and combining with Eq. (S9), we obtain
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Equation (S16) is solved analytically with appropriate boundary conditions: (i)  at the 0c c

channel inlet (x = 0), and (ii)  at the position of the ion depletion zone (x = L), and the analytical 0c

solution isc

(S17)
 

0 0

1 exp

1 exp

eff

eff

u x L
Dc c

c c uL
D

 
  

   
 

  
  

where Deff is the effective diffusivity defined by .   2 1 1 1 2 2 1 1 2 2   effD D z D z z z  

The ionic current generated by the motion of the charged species is given by 
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where W is the width of the channel.

Using Eq. (S17) and rearranging Eq. (S18), we obtain the  asxE
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However, as stated above, there is the electric double layer near the charged wall surface, which 

generates the supplement electric potential ψ satisfied the following boundary conditions:
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where ψs is the surface potential.

Based on the Gouy-Chapman theory, the potential ψ is determined by
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where λD is the Debye length, which is calculated by,
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Differentiating ψ of Eq. (S21) with respect to y, we obtain the supplement electric field,
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Similarly, there is the supplement ionic concentration in the electric double layer, which is 

determined by the Boltzmann distribution,
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Substituting Eq. (S21) into Eq. (S24), we obtain

(S25)

2

,

0

21 exp tanh
4

21 exp tanh
4

i

s

s i D B

s

D B

zeW y
c k T
c zeW y

k T







    
     

         
          

where i = 1 for cations, and i = -1 for anions.

Combining Eq. (S17) and Eq. (S.25) with the notice that the bulk ionic concentration was 

calculated twice in these equations, the ionic concentration distribution for 2D models is generally 

determined by
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The tangential electric field is also calculated by Eq. (S19) and Eq. (S23) for 2D models,
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Equations (S26) and (S27) are applied for the symmetric (z : z) electrolyte solution. When the 

surface potential is small (ψs << 0.025 V), the electric potential ψs is simplified by the following 

solution, 
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Equation (S28) refers to the Debye-Huckel approximation. Differentiating ψ of Eq. (S28) with 

respect to y obtains the supplement electric field,
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And the supplement ionic concentration in the electric double layer is determined by,
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Therefore, the ionic concentration distribution and the tangential electric field for 2D models in 

cases of low surface potentials with both symmetric and asymmetric electrolyte solutions are 

respectively described by 
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Equations (S26), (S27), (S31), and (S32) are applied for 2D models in a region far from the IDZ 

but still provide acceptable solutions close to the IDZ boundary where the non-linear depletion of 

ions makes the electric field magnified significantly, leading the formation of vortices in this region. 

The validation is presented in section 5.1 in the main text.



(a) (c)

(b) (d)

Figure S1. The numerical simulations of the 20 m-main channel-width model with the convergent 

width of 10 m under the application of external potentials of VH = 20V0 and VL = 10V0: (a) the 

electric field in the channel; (b) the tangential electric fields along the y-direction far from the IDZ 

(x = 20 m) and in the IDZ (x = 245 m), respectively; (c) the ion concentrations along the y-

direction with different ion concentrations of buffer solution at various sections of the channel; (d) 

the ionic fluxes along the y-direction far from the IDZ (x = 20 m) and in the IDZ (x = 245 m), 

respectively. At the position of x = 245 m, the ion concentration decreases sharply due to the 

nonlinear electroconvective instability, making the electric field increase significantly, while the 

total ionic flux is conserved from the channel inlet to the ion-selective membrane. These parameters 

vary slightly along the y-direction in the bulk region but relatively in the IDZ.



Note 2. Validation for analytical and numerical simulation results

In this work, we introduce the simplified analytical model to verify numerical simulations and 

experimental results of actual models. To validate solutions obtained from numerical simulations 

using this analytical model, we examine two cases: (i) the 20 m main-channel-width model with a 

convergent width of 10 m and (ii) the 20 m straight-channel-width model. Both models are applied 

by external electric potentials of VH = 20V0 and VL = 10V0 at the electrodes while the ion-selective 

membrane is connected to the ground. In the analytical model, the ionic current I, the flow velocity 

u, and the position of the ion depletion zone L are determined from simulations or experiments. By 

using numerical results, these parameters are I = 0.474i0 = 0.91210-7 A/m, I = 0.533i0 = 1.02610-7 

A/m; L = 237 m, L = 237 m, and the profile of velocities u are shown in Figures S2a, b for case 

(i) and (ii), respectively. The results show that the solution acquired from analytical solutions and the 

ones from numerical simulations are highly consistent for both cases, except for a slight difference in 

a convergent sector of the convergent channel model, as indicated in Section 5.1 in the main text.

(a) (b)

Figure S2. The profiles of velocities along the channel in two cases. (a) The 20 m main-channel-

width model with a convergent width of 10 m; (b) The 20 m straight-channel-width model. Both 

models are applied by external electric potentials of VH = 20V0 and VL = 10V0 at the electrodes 

while the ion-selective membrane is connected to the ground.



Note 3. Utilizing the analytical model to determine the critical width of the convergent sector in 

the channel

In the main text, under the application of electric potentials of VH = 20V0 and VL =10V0, the 20 

m-width main channel must have a convergent width larger than 2.5 m to ensure the 

preconcentration of biomolecules located into the convergent sector of the channel. This numerical 

critical width is also confirmed by the analytical model.

To validate the minimum width obtained by simulation, we examine it using Eq. (24) in the main 

text. From the simulation results, under the established working parameters above, the channel 

embedded with a 2.5 m-width convergent sector has the ionic current I = 0.228i0 = 0.43910-7 A/m, 

the width-averaged velocity at the starting point of the convergent sector 

m/s, the maximum velocity at the starting point of the convergent sector 4
00.1161 0.617 10u u   

um = 0.171u0 = 0.9110-4 m/s, and the position of the IDZ L = 215 m, and the starting point of the 

convergent sector L1 = 205 m, as shown in Figure S3. If the convergent channel has such 

parameters, its width must be satisfied Eq. (24) in the main text,
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Substituting I, , um, L, and L1 into this equation, we obtain Wmin = 1.92 m.u



a) b)

Figure S3. (a) The profile of the biomolecule velocity along the y-axis at the starting point of the 

convergent sector (x = 205 m); (b) The distribution of ion concentration along the channel (y = 0 

m). These results are used to determine the minimum width using the analytical model to validate 

the numerical critical dimension of the convergent sector.



Note 4. Determining positions of the ion-selective membrane to ensure biomolecules 

preconcentrate in the convergent sector of the channel

In the main text, the farthest and nearest positions of the ion-selective membrane for 

biomolecules preconcentrated in the convergent sector of the channel are determined numerically 

with values of 292.5 m and 248 m, respectively. These results could also be calculated by analytical 

Eqs. (25) and (26) in the main text.

As mentioned in the main text, the position L of the ion-selective membrane is indirectly 

calculated through the position of the IDZ with the assumption that these two positions are close 

enough to each other. This assumption depends on many conditions, especially on the channel width. 

As indicated in Section 5.3 in the main text, when the channel width decreases, the fluid flow 

decreases as well, making the slow flux of ions in the channel. When the ions are depleted in the IDZ, 

they are supplied from the bulk flow far from the ion-selective membrane. The ion supplement speed 

significantly depends on the bulk flow. In addition, when the width of the channel gets narrower, 

there are fewer ions in the area around the ion-selective membrane. Both conditions make the IDZ 

expand towards the entrance when the channel width reduces. Therefore, to ensure the condition of 

coincidence between the position of the ion-selective membrane and the one of the IDZ, we must 

examine these positions according to the ratio W/2λD. From Figure S4 and Table S1, the difference 

between the two positions is acceptable when W/2λD  16.7.

We consider the 20 m-width main channel integrated with the convergent width Wc of 10 m. 

The ending point (L2) of the convergent sector is 235 m from the entrance. Under the application of 

electric potentials of VH = 20V0 and VL =10V0, the ionic current I = 0.467i0 = 0.89910-7 A/m, the 

width-averaged velocity at the ending point of the convergent sector m/s, 4
00.0575 0.306 10u u   

the maximum velocity at the ending point of the convergent sector um = 0.0772u0 = 0.41110-4 m/s 

as shown in Figure S5a. The farthest position of the ion-selective membrane is calculated by Eq. 

(26),
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Substituting I, , um, Wc, and L2 into this equation, we obtain Lmax = 270.7 m.u

Similarly, the 20 m-width main channel integrated with the convergent sector at the starting 

point of L1 = 225 m has the ionic current I = 0.607i0 = 1.16810-7 A/m, the width-averaged velocity 

at the starting point m/s, the maximum velocity at the ending point um = 4
00.101 0.537 10u u   



0.127u0 = 0.67610-4 m/s as shown in Figure S5b. The nearest position of the ion-selective 

membrane is calculated by Eq. (25),
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Substituting I, , um, Wc, and L2 into this equation, we obtain Lmin = 240.4 m. Compared to the u

simulation (Lmin = 248 m), the analytical and numerical solutions agree with each other qualitatively.

Table S1. The IDZ and ion-selective membrane positions are compared according to the channel 

widths.

W (m) IDZ position (m)
Ion-selective membrane 

position (m)
Difference (%) W/2λD

2 215 250 14 3.3

4 225 250 10 6.7

6 230 250 8 10

8 235 250 6 13.3

10 237 250 5.2 16.7

12 237 250 5.2 20



a) b)

Figure S4. The position of the IDZ depends on the convergent width of the channel. a) The 

positions of the IDZ and the ion concentration distributions along the x-axis corresponding to the 

convergent widths of 2 m, 4 m, and 6 m; b) The positions of the IDZ and the ion concentration 

distributions along the x-axis corresponding to the convergent widths of 8 m, 10 m, and 12 m.



a) b)

Figure S5. Determining positions of the ion-selective membrane to ensure biomolecules 

preconcentrate in the convergent sector of the channel. a) The preconcentration of biomolecules in 

the channel and the velocities along the y-axis at the ending point of the convergent sector (x = 235 

µm) when the ion-selective membrane is 57.5 m far from the ending point of the convergent sector. 

b) The preconcentration of biomolecules in the channel and the velocities along the y-axis at the 

starting point of the convergent sector (x = 225 µm) when the ion-selective membrane is 23 m far 

from the starting point of the convergent sector.



Note 5. Utilizing the analytical model to determine critical pressures applied on the inlet of 

microchannels

As mentioned in the main text, biomolecules cannot preconcentrate in the convergent sector of 

the channel integrated with the 2 m width convergent channel under the application of electric 

potentials of VH = 20V0 and VL = 10V0. This is due to the convergent width below the critical width 

for preconcentration in the convergent sector. From the simulation, if a minimum pressure of 4p0 is 

applied at the channel inlet, the preconcentrated biomolecule plug will migrate into the convergent 

region of the channel. This critical pressure could also be calculated using Eq. (34) in the main text. 

In Figure S6b, the electric field at the preconcentrated plug is Ex = 0.109E0 = 0.282  104 V/m, and 

the zeta potential of the channel wall is  = -20 mV. Substituting these values into Eq. (34),
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We obtain p1,min = 4.6p0.

Similarly, the maximum pressure applied at the channel inlet to ensure biomolecules do not leak 

out the convergent sector is determined by Eq. (35) in the main text,
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The parameters used in this equation are Ex = 0.63E0 = 1.63  104 V/m and  = -20 mV; we obtain 

the result p1,max = 26.5p0,  which is consistent with the numerical solution of p1,max = 22p0.

The critical pressures depend significantly on the channel width, as indicated in Eqs. (34), (35). 

To the channel integrated with the 10 m-width convergent sector under the same working conditions, 

the maximum pressure applied at the channel inlet is only 1p0, which is acquired from the simulation. 

This maximum pressure is also analytically calculated with p1,max = 0.5p0. The parameters used in this 

equation are Ex = 0.326E0 = 0.843  104 V/m and  = -20 mV, as shown in Figure S6b.

It is noticed that Eqs. (34) and (35) are applied for straight channels. However, the pressure 

changes significantly only in the convergent sector of the channel where the IDZ is formed, as shown 

in Figure. 10a in the main text. Therefore, these equations could be utilized for convergent channels, 

and results are solved in the convergent region with the length Lc = 30 m, which is the main 

parameter in Eqs. (34), (35).



a) b)

Figure S6. Determining critical external pressures applied at the channel inlet to ensure 

biomolecules preconcentrate in the convergent sector of the channel. a) Preconcentrations of 

biomolecules in the channels under the applications of critical external pressures. b) The electric 

fields correspond to the external pressures of 4p0, 22p0, and 1p0 applied at the channel inlet of 2 

m width convergent channels and the 10 m width convergent channel.
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