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1 Methods of Resolution

The studied moiré interlayer exciton with an applied electric field can be described by the envelop Schrédinger equation in the effective
mass approximation as follows:
A (,0,R,®) = E}'[ (AF| (1)) ¥y (r,0.R.®). (1)

Here, the eigenvalue E}'f(AF 'L(//)) defines the total energy, which can be determined by direct diagonalization of H; (AF '1(//)) into the

basis ‘I‘%(r, 0,R,®) = ¢, ((r,0) x Ej (R, D). Here, ¢, ((r,0) and Z;; (R, P) are the solutions of the internal and center-of-mass motion
problems, respectively. The eigenstate ¢, ,(r, 0) adequately corresponds to the 2D hydrogen wavefunction in polar coordinates as2:
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Here, n and ¢ represent the principal quantum number and the angular momentum, respectively. For n =1,2,3,... and —(n—1) < ¢ <
(n—1), the states are (2n— 1) fold degenerate, labeled as s for £ =0, p for ¢ = £1, and d for ¢ = 2. The radial part is expressed in terms

of Laguerre polynomials as: R, ¢(r) = Cn,gef% (ané)mLzm 4 ((”_lél_l)!
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is the normalization constant
n—||-1 (2n-1)3 (n+|l|71)!)

and Otn = %.
On the other hand, the center-of-mass eigenstate =, ; (R, ®) is given by the 2D harmonic oscillator basis, which is expressed in polar
symmetry as12:
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Here, J and L (—J < L <J) represent the principal quantum number and the angular momentum, respectively. Careful consideration is

2
necessary in the choice of L, where J — |L| must be an even number, and the total state degeneracy will be J+ 1. Aj; = %(JTV“‘ + Dy

EL(R,®) = (R). 3
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is a normalization factor, and (x), = is the Pochhammer symbol. The radial part ¥;;(R) = (5 )"™le 2% L R-/RZ), with L,
i lization f d Lt is the Pochh bol. The radial Byl 2‘”22 h L5 (x

being the Laguerre polynomials.

1.1 Internal Motion: Binding Energy

To accurately model the exciton binding energy under an external electric field, we numerically solve the Mott-Wannier exciton equation:

Hipr$,0(r,0) = En¢(AF) (1)) 9 0(1, 6). ©)

Here, the term Hyy = Hjy + E(AF 1 L)) is defined, where E, , represents the relative energy. We define the binding energy as
Efl’_’[(AF//(L)) =— l’llé(AF//(L))’ and their corresponding eigenvectors |y, ¢) =¥, 7j<x C,, Z(AF// ))|@n¢) for both intralayer and interlayer
excitons. Here, C:l’f are the dominant coefficients of the eigenvectors, which can be determined through the numerical diagonaliza-

tion of equation (#). The electric field dependence of these coefficients is crucial for exploring the exciton Stark effect and orbitals
hybridization.

1.2 Center-of-Mass Motion

In our model, we anticipate that the in-plane electric field affects only the internal motion and has no impact on the interlayer exciton’s
center-of-mass motion. Conversely, the out-of-plane electric field is expected to influence the center-of-mass energies due to the second
term appearing in equation (??). To determine the out-of-plane electric field dependence of interlayer exciton center-of-mass energies,
we solve the following center-of-mass Schrodinger equation:

AcyZyL(R,®) = ELL(AF | )E) (R, D). 5)
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Here, Hcy = Hey + Vi(R, @), and E(m are the center-of-mass eigenvalues with the corresponding eigenvectors xj.(R,®) =

Y ZA;:% (AF)E; (R, ®), where Al J’L (AF|) represents the dominant coefficients of the eigenvectors obtained through the numerical
diagonalization of equation (5). This investigation provides information on the center-of-mass energy shift and modifications to the
center-of-mass orbital due to the effect of the out-of-plane electric field.

2 Photoluminescence and Moiré Exciton Lifetime

Once the electric field dependence of the moiré interlayer exciton energy spectra is determined by numerically diagonalizing the internal
and center-of-mass Hamiltonians into their respective bases, we proceed to analyze the photoluminescence spectra and the radiative
lifetime under varying electric field strengths. The one-photon photoluminescence (PL) spectra of moiré IX at low temperatures can be
approximated to be proportional to the oscillator strength and calculated using the following formula2:

= [75.0(hw, —Ef 1p). (6)

Here, £/, represents the oscillator strength, and its simplified expression is given by*k
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is the photon energy. T’y defines the half width at half maximum of the IX line. D;,;; s is the dominant coefficient of the eigenvectors

With, O(fiw, — Efg i) = > defines the energy conservation with respect to the state broadening I'g, where 7w,

obtained by numerical diagonalization of total Hamiltonian. EZ¥ wtar = Eg +E}'£ is the localized interlayer exciton energy, E, is the

heterobilayer band-gap energy and the IX total energy is approximated as E J”f =E, +EJLE. Furthermore, the radiative decay rate of
the localized IX, as a function of the oscillator strength and moiré IX energy, is expressed as%=\

3moh?c? 1
2 X osc
dnoe”  Ey$ 001500

®
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Here, ny = /€ denotes the effective optical refraction index of the environment, c is the speed of light and E!¥ 5,00 Tepresents the moiré
interlayer exciton ground state energy.

3 Additional results

Figures[I[(a) and[T|(b) illustrate the dependence of the interlayer exciton ground state Stark shift on the strength of the in-plane electric
field across various values of the average dielectric environment € and the spacing separation d, respectively. These results demonstrate
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Fig. 1 Figures (a) and (b) depict the 1s ground state Stark shift of IX as a function of the in-plane electric field strength, considering various values
of the effective dielectric environment € and spacing separation d (A°) , respectively.

a considerable increase in the Stark shift when either € or d is increased. It’s important to note that as € increases, the exciton’s
binding energy spectrum considerably decreases, leading to a less bound exciton. Consequently, the exciton becomes more susceptible
to the electric field perturbation, as illustrated in figure a). This assessment holds significant interest in optical materials modulation,
wherein the spatial separation between the two layers can be controlled using hBN layers, a well-known technique.
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