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Notation

The point-group symmetry is denoted by the
Hermann—Mauguin notation.  The representation is
referred to the Bilbao Crystallographic Server [S1]. The
representation is described for the single group as I' and
the double group as I'. The character table is summarized
for BiTel of P3m1 in Tables SI-STV.

Representation of atomic orbital

The atomic orbital is represented in the full-rotation
group by F;’{b and composed of an orbital function and
spin function. The orbital function and spin function
are transformed by the rotation, while only the orbital
function is transformed by the inversion. The character

X’;fb of the point-group symmetry is thus described as
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where j is the total angular quantum number, [ is the
orbital angular quantum number, {a} is the 2Z’T—fold
rotation, and {@} is the 2%-fold rotoinversion. The
atomic orbital is then subducted to the space group of a
condensed-matter system and represented by I'°'P. The
I°’s at the I' and A, M and L, and K and H points
are summarized for BiTel in Tables S V-S VII.

Representation of atomic arrangement

The atomic arrangement is represented in the space
group by I'*" and described by the Bloch function as
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where gi(r) is the cell-periodic function and r; is the
atomic position. The character x*™ of the space-group

symmetry is thus described as [S4-S6]
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where P is the point-group symmetry, 7 is the fractional
lattice vector, R is the lattice vector, G is the reciprocal
lattice vector, and k- P~1[r— (7 +R)] = Pk:[r— (T +R)]
and Pk = k+ G are employed. The atomic arrangement
can be reduced in the symmorphic group of 7 = 0 as

X" {P|R} = ¢ kR Z eCrig(P~r; — ;) . (S4)

The I'*™’s at the I" and A, M and L, and K and H points
are summarized for BiTel in Tables S VIII-S X.

Representation of atomic wavefunction

The atomic wavefunction is represented by the direct
product of the atomic orbital and atomic arrangement
as ['°™ ® I'" The representations at the I and A, M
and L, and K and H points are summarized for BiTel in
Tables S XIS XIII.



S2

[S1] M. I. Aroyo, A. Kirov, C. Capillas, J. M. Perez-Mato,
and H. Wondratschek, Bilbao Crystallographic Server.
II. Representations of crystallographic point groups
and space groups, Acta Crystallogr., Sect. A: Found.
Crystallogr. 62, 115 (2006); L. Elcoro, B. Bradlyn,
Z. Wang, M. G. Vergniory, J. Cano, C. Felser,
B. A. Bernevig, D. Orobengoa, G. de la Flor, and
M. I. Aroyo, Double crystallographic groups and their
representations on the Bilbao Crystallographic Server, J.
Appl. Crystallogr. 50, 1457 (2017).

[S2] M. Lax, Symmetry Principles in Solid State and
Molecular Physics (Dover Publications, Inc., Mineola,

2001).

[S3] M. Tinkham, Group Theory and Quantum Mechanics
(Dover Publications, Inc., Mineola, 2003).

[S4] W. M. Lomer, The valence bands in two-dimensional
graphite, Proc. R. Soc. London, Ser. A 227, 330 (1955).

[S5] M. S. Dresselhaus, G. Dresselhaus, and A. Jorio, Group
Theory (Springer-Verlag, Berlin, 2008).

[S6] K. Okamura, Focus on the overlap density of
wavefunctions in GW approximations, Phys. Chem.
Chem. Phys. 22, 5366 (2020); Bloch state constrained by
spatial and time-reversal symmetries, J. Phys. A: Math.
Theor. 56, 335003 (2023).



S3

TABLE SI. Character table at the I' [kr = (0,0,0)], 4 [ka = 27(0,0, 3)], and A [ka = 27(0,0,u), where 0 < u < 3] points
of the space group P3ml, which transforms isomorphically to the point group 3m (Cs,).

{1}* {3}" {mo10}° {m1go} {1}° {‘3}!
Ty 1-T8 1 1 1 1 1
I 1-T 1 -1 -1 1 1
Is 2-T -1 0 0 2 -1
T4 1-T -1 —q i -1 1
Ts 1-T -1 i —3 -1 1
Ts 2.7 1 0 0 -2 -1

a2 {1|Rn = ni1a1 + ngaz + nzag}, where a; = a(1,0,0), ag = a(fé, @,0)7 and a3 = ¢(0,0,1) and ni, n2, and n3 are integer.
® {33011(0,0,0)},{30,1(0,0,0)}.

¢ {mo10/(0,0,0)}, {m110/(0,0,0)}, {4m100/(0,0,0)}.

4 {m100/(0,0,0)}, {?m010(0,0,0)}, {¢m110](0,0,0)}.

¢ {91(0,0,0)}.

F{930011(0,0,0)}, {!350,1(0,0,0)}. ,

8 T represents Tp = e~ k0" Bn_ T — e—ika'Rn gpnd T = e kaRn,

TABLE SII. Character table at the M [ka = 27(5,0,0)], L [k = (223,0,221)], & [ks = 2%(u,0,0), where 0 < u < 3], and

a a 27 ¢ 2 -
R [kr = (7,0, 27 1), where 0 < u < 1] points of the space group P3m1, which transforms isomorphically to the point group

m (Cs).

{1}* {moio}® {1}° {Ymo10}?
M, 1-7T° 1 1 1
M, 1-T -1 1 -1
Ms; 1-T —i -1 i
M, 1-T i -1 —iq

2 {1|R, = ni1ai + ngaz + nzasg}, where a; = a(1,0,0), ag = a(—%, ?,0)7 and a3 = ¢(0,0,1) and ni, n2, and ng are integer.
b {777,010|(07 0,0)}.

¢ {41/(0,0,0)}.

4 {4mp10/(0,0,0)}. , _ ) )

e T represents Thy = e kM Bn T — ¢=ikp Bn Ty, — g—iks'Rn gnd Th = e kr'Rn |

TABLE SIIIL Character table at the K [kx = 2%(%,%,0)] and H [kuy = (2
3

which transforms isomorphically to the point group 3 (Cs).

o[

%, %, 27”%)] points of the space group P3ml,

{1} {37}" {37 J° {f13 {!37}° {“37}
K 1-7% 1 1 1 1 1
Ky 1-T exp (z%’r) exp (722?") 1 exp (22?") eXp(fi%’T)
Ks 1-T exp (—i%F) exp (15" 1 exp (—i%F) exp (i%1)
Ky 1.7 -1 -1 -1 1 1
Ks 1-T —exp (i2F) —exp (—i%F) -1 exp (i3F) exp (—i%F)
K 1-T —exp (—i2F) —exp (i3F) -1 exp (—i%F) exp (i2F)
1 V3

* {1|Rn = n1a1 + noaz + ngas}, where a1 = a(1,0,0), a2z = a(—3, %5°,0), and ag = ¢(0,0,1) and n1, n2, and n3 are integer.
> {33011(0,0,0)}.

¢ {30011(0,0,0)}.

4 {41](0,0,0)}.

© {936011(0,0,0)}.

F{930011(0,0,0)}. ) )

& T represents T = e~ KK Bn and Ty = e~ kuRn
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TABLE SIV. Character table at the A [ka = 2% (u,u,0), where 0 < u < ] and Q [k = (Zu, 2Zu, 27 1), where 0 < u < ]

points of the space group P3ml, which transforms isomorphically to the point group 1(C1).

{13° {13’
A 1-T° 1
Az 1-T -1

a2 {1|Rn = ni1a1 + ngaz + nzag}, where a; = a(1,0,0), az = a(f%7 @,0)7 and a3 = ¢(0,0,1) and ni, n2, and n3 are integer.
© {41/(0,0,0)}. ,
© T represents Ty = e~ ka'Rn and Ty = e~ ko Rn,

TABLE SV. Representation of the atomic orbital at the I" and A points of the space group P3ml.

{1} {3} {mo10} {mioo} Decomposition
re’ 1 1 1 1 I,
™ 3 1 1 rNorls
F(F)lrb 5 - 1 1 I'y @23
NS 2 0 0 To
oy, 2 1 0 0 Ts
Fzr;ﬂ 4 -1 0 0 T.0Ts@Ts
F?lr;)ﬂ 4 -1 0 0 T,0Ts®Ts
Tds)2 6 0 0 0 Ty ®Ts @ 2T
TABLE S VI. Representation of the atomic orbital at the M and L points of the space group P3ml.
{1} {mo10} Decomposition
M 1 1 M,
Mg 3 1 IM, & M,
Mg™ 5 1 3M1 ® 2M-
M7 r1?2 2 0 Ms @ M,
M, rlt}2 2 0 M3 ® M,
My, 4 0 9M 5 @ 2M 4
Msgb/z 4 0 2M 3 & 2M4
Msgt}2 6 0 3M3 D 3M4
TABLE S VII. Representation of the atomic orbital at the K and H points of the space group P3ml.
{1} {3%} {37} Decomposition
K°™® 1 1 1 K
Ky 3 0 0 K1 ® K2 @ K3
Kg® 5 -1 -1 K1 ®2K; & 2K3
K2 2 1 1 Ks o Ko
K;rlb/Q 2 1 1 Ks@© Ke
Ky 4 -1 -1 9K, @ Ks @ Ko
K3r3b/2 4 -1 -1 2K, ® K5 ® K
K3, 6 0 0 2K, ®2K;5 ® 2K

TABLE S VIII. Representation of the atomic arrangement of Bi (0,0, 0), Te (%, %, 0.75), and 1 (%, %, 0.31) at the I and A points
of the space group P3ml.

{1} {3} {mo10} {mioo} Decomposition
G 0 0 0 0
Bi 1 1 1 1 I,
rar 1 1 1 1 I
N 1 1 1 1 I,
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TABLE SIX. Representation of the atomic arrangement of Bi (0,0, 0), Te (%, %, 0.75), and I(%, %, 0.31) at the M and L points
of the space group P3ml.

{1} {mo10} Decomposition
7a 0 0
Mg 1 1 M,
Myt 1 1 M,
M ! | ,

TABLE S X. Representation of the atomic arrangement of Bi(0,0,0), Te (%, %,0,75), and I(%, %, 0.31) at the K and H points
of the space group P3ml.

{1 {3%} {37} Decomposition
G 0 (—1,0,0) ©,-1,0)
Kar 1 1 1 Ky
K3 1 oxp (i) exp (—i%F) K>
K 1 exp (—i%) exp (1%) Ks

TABLE S XI. Representation of the atomic wavefunction of Bi(0,0,0), Te (§7 %, 0.75), and I(

of the space group P3ml.

2,0.31) at the

I" and A points

{1} {3} {mo10} {mioo} Decomposition
Bis 1 1 1 1 Iy
Bip 3 0 1 1 I @l
Bid 5 —1 1 1 ' @2l
Tes 1 1 1 1 i
Tep 3 0 1 1 I'els
Ted 5 -1 1 1 'y 2l
Is 1 1 1 1 Iy
Id 5 —1 1 1 'y @23
Bisy/o 2 1 0 0 T,
Bipi/2 2 1 0 0 Ts
Bips/2 4 -1 0 0 T,eTs0Ts
Bids,» 4 ~1 0 0 TioT;®Te
Bids,, 6 0 0 0 Fiol's® 2l
Te s1/2 2 1 0 0 I's
Te p1/2 2 1 0 0 T
Teps/ 4 -1 0 0 TsoTs;@Ts
T€d3/2 4 -1 0 0 24@§5@f£
Teds /2 6 0 0 0 i@ l's ® 2l
Is1/2 2 1 0 0 Lo
Ipiy2 2 1 0 0 Ts
1p3/o 4 ~1 0 0 TsoTs@Ts
Lds/2 4 -1 0 0 TsoTsaTs
Ldss 6 0 0 0 Iy ®oT's @2l
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TABLE S XII. Representation of the atomic wavefunction of Bi (0,0, 0), Te (%, %, 0.75), and I (%, %, 0.31) at the M and L points

of the space group P3ml.

{1} {mo10} Decomposition

Bis 1 1 M

Bip 3 1 2M, @& M2
Bid 5 1 3M1 ® 2M-
Tes 1 1 M,

Tep 3 1 2M1 ® M-
Ted 5 1 3M1 & 2M2
Is 1 1 M1

Ip 3 1 2M, @ M-
Id 5 1 3My & 2M-s
Bisy/s 2 0 Es @E‘*
p s 2 0 M & M
Bips/a 4 0 2Ms ® 2M4
Bidg/g 4 0 2%3@2%4
Bids/o 6 0 3Ms @& 3M4
Te s1/2 2 0 M3 @ My
Tepi/2 2 0 Ms® M,y
Teps/2 4 0 2M3 & 2M4
Ted3/2 4 0 2M3®2M4
Te d5/2 6 0 3Ms3®3M,
Isi/o 2 0 Ms® M,y
Ipl/z 2 0 Ms® My
Ip3/2 4 0 2E3 e 2ﬂ4
Id3/2 4 0 2%3 D 2%4
Id5/2 6 0 3Ms ® 3M4

TABLE S XIII. Representation of the atomic wavefunction of Bi (0, 0,0), Te (%, %, 0.75), and I (

of the space group P3ml.

0.31) at the K and H points

{1} {37} {37} Decomposition
Bis 1 1 1 K
Bip 3 0 0 K1 ® K2 ® K3
Bid 5 —1 -1 Ky ®2K; ®2K3
Te s 1 exp (iZ) exp (—i %) K>
Tep 3 0 0 Ki ® Ky ® Ks
Ted 5 —exp (i3F) —exp (—i2F) 2K ® Ko @ 2K
Is 1 exp (—iZF) exp (i2F) K3
Ip 3 0 0 Ki® K ® K3
1d 5 —exp (—i2F) —exp (i%) 2K @ 2K, © K
Bisi,s 2 1 1 K5 Ko
Bips/2 4 -1 -1 254 @55 @56
Bids 6 0 0 2K4 ®2Ks ®2Ks
Te s1/2 2 exp (i5) exp (—i3F) K4 EBK(;
Tepi s 2 exp (i2") exp (—i2F) Ki®Ke
Te ps /o 4 —exp (127”) —exp(—z:z%) K1 ®2K5® Ke
Teds; 4 —exp (1%") —exp (—i5") Ki®2K; © Ko
Ted5/2 6 O 0 2K4@2K5@2K6
Is12 2 exp (—i<") exp (i3) Ki® Ks
Ipi/2 2 exp (*Z%ﬂ) exp(z’%”) K4® Ks _
Ips)o 4 —exp (—127") —exp(i%f) 54 695569256
Ldss 4 —exp (—i2F) —exp (i%F) Ky @ Ks ®2K¢
Ids)s 6 0 0 K41 @ 2Ks @ 2K




