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CFD-DEM Model Equations

        DEM is a Lagrangian approach in which all particles are tracked by explicitly solving for 

their trajectories using Newton’s laws1. For a particle with an index , the linear and angular 𝑖

momenta balance equations are as given in Eqs. 1 and 2, respectively.

𝑚𝑖

𝑑2𝑥⃗𝑖

𝑑𝑡2
= 𝐹⃗𝑖,𝑛 + 𝐹⃗𝑖,𝑡 + 𝐹⃗𝑖,𝑓 + 𝐹⃗𝑖,𝑏 (1)

𝐼𝑖

𝑑𝜔⃗𝑖

𝑑𝑡
= 𝑟⃗𝑖,𝑐 × 𝐹⃗𝑖,𝑡 (2)

Here,  is the normal particle–particle contact force,  is the tangential particle–particle contact 𝐹⃗𝑖,𝑛 𝐹⃗𝑖,𝑡

force.  is the force exerted by the surrounding fluid on the particle. The body force from gravity 𝐹⃗𝑖,𝑓

is . The particle’s mass, its position and angular velocity are given by ,  and , 𝐹⃗𝑖,𝑏 𝑚𝑖 𝑥⃗𝑖 𝜔⃗𝑖

respectively. The contact forces are obtained from the linear–spring-dashpot model comprising a 

linear spring and dashpot in the normal direction as well as a slider and dashpot in the tangential 

direction. The particle–particle friction and restitution coefficients as well as normal and tangential 

spring and damping coefficients are the input model parameters for calculating contact forces. 

           The flow of an incompressible gas phase in the presence of dispersed particulate phase is 

governed by volume–averaged continuity and Navier–Stokes equations, which are as given in Eqs. 

3 and 4, respectively.

∂(𝜌𝑔𝛼𝑔)
∂𝑡

+ ∇⃗ ⋅ (𝜌𝑔𝛼𝑔𝑢⃗𝑔) = 0 (3)

∂(𝜌𝑔𝛼𝑔𝑢⃗𝑔)
∂𝑡

+ ∇⃗ ⋅ (𝜌𝑔𝛼𝑔𝑢⃗𝑔𝑢⃗𝑔) =‒ 𝛼𝑔∇⃗𝑝 + 𝜌𝑔𝛼𝑔𝑔⃗ ‒ 𝑅⃗𝑝𝑔 + ∇⃗ ⋅ 𝜏̿ (4)

Here,  is the acceleration due to gravity, is the gas phase volume fraction in the cell,  is the 𝑔⃗ 𝛼𝑔 𝑢⃗𝑔

gas velocity and  is the gas density.  is the Newtonian stress tensor for the gas phase,  is the 𝜌𝑔 𝜏̿ 𝑝

gas pressure and  is the net momentum exchange between particulate and gas phases per unit 𝑅⃗𝑝𝑔



volume of the computational cell. This momentum exchange term is based on particle–based drag 

forces:

𝑅⃗𝑝𝑔 = 𝜅𝑝𝑔(𝑢⃗𝑔 ‒ 〈𝑢⃗𝑝〉) (5)

𝜅𝑝𝑔 =
1

𝑉𝑐𝑒𝑙𝑙(
𝑖 = 𝑁𝑐𝑒𝑙𝑙

∑
𝑖 = 1

𝐹⃗𝑑𝑟𝑎𝑔,𝑖

|𝑢⃗𝑔 ‒ 〈𝑢⃗𝑝〉| ) (6)

Here,  is the gas cell drag coefficient,  is the gas cell velocity,  is the average particle 𝜅𝑝𝑔 𝑢⃗𝑔 〈𝑢⃗𝑝〉

velocity in the cell,  is the volume of the cell,  is the number of particles in the cell and 𝑉𝑐𝑒𝑙𝑙 𝑁𝑐𝑒𝑙𝑙

 is the drag force on individual particle .  is calculated using the model proposed by 𝐹⃗𝑑𝑟𝑎𝑔,𝑖 𝑖 𝜅𝑝𝑔

Ding and Gidaspow2, which is a combination of the Wen and Yu3 and Ergun4 correlations, shown 

below:

For ,𝛼𝑔 > 0.8

𝜅𝑝𝑔 =
3
4

𝐶𝑑(𝛼𝑔(1 ‒ 𝛼𝑔)|𝑢⃗𝑔 ‒ 𝑢⃗𝑝|
𝑑𝑝 )𝛼 ‒ 2.65

𝑔 (7)

𝐶𝑑 =
24

𝛼𝑔𝑅𝑒𝑝
(1 + 0.15(𝛼𝑔𝑅𝑒𝑝)0.687) (8)

𝑅𝑒𝑝 =
|𝑢⃗𝑔 ‒ 𝑢⃗𝑝|𝑑𝑝

𝜈𝑔
(9)

whereas for :𝛼𝑔 ≤ 0.8

𝜅𝑝𝑔 = 150((1 ‒ 𝛼𝑔)2𝜈𝑔

𝛼𝑔𝑑2
𝑝

) + 1.75((1 ‒ 𝛼𝑔)|𝑢⃗𝑔 ‒ 𝑢⃗𝑝|
𝑑𝑝 ) (10)



Here,  is the kinematic viscosity of the gas phase.𝜈𝑔

2.3.1 MFM Model Equations

The gas phase continuity and momentum equations are given by5:
∂(𝛼𝑔𝜌𝑔)

∂𝑡
+ ∇⃗ ∙ (𝛼𝑔𝜌𝑔𝑢⃗𝑔) = 0 (12)

∂(𝛼𝑔𝜌𝑔𝑢⃗𝑔)

∂𝑡
+ ∇⃗ ∙ (𝜀𝑔𝛼𝑔𝑢⃗𝑔𝑢⃗𝑔) =‒ 𝛼𝑔∇⃗𝑝 + ∇⃗ ∙ 𝜏̿ + 𝛼𝑔𝜌𝑔𝑔⃗ +

𝑀 = 2

∑
𝑚 = 1

𝜅𝑠𝑔,𝑚(𝑢⃗𝑠,𝑚 ‒ 𝑢⃗𝑔) (13)

Here,  refers to a solids phase, and  acts as a counter for the two solids phases.𝑠 𝑚

The  solids phase continuity and momentum equations are given by:𝑚𝑡ℎ

∂(𝛼𝑠,𝑚𝜌𝑠,𝑚)

∂𝑡
+ ∇⃗ ∙ (𝛼𝑠,𝑚𝜌𝑠,𝑚𝑢⃗𝑠,𝑚) = 0 (14)

∂(𝛼𝑠,𝑚𝜌𝑠,𝑚𝑢⃗𝑠,𝑚)

∂𝑡
+ ∇⃗ ∙ (𝛼𝑠,𝑚𝜌𝑠,𝑚𝑢⃗𝑠,𝑚𝑢⃗𝑠,𝑚)

=‒ 𝛼𝑠,𝑚∇⃗𝑝 ‒ ∇⃗𝑝𝑠,𝑚 + ∇⃗ ∙ 𝜏̿𝑠,𝑚 + 𝛼𝑠,𝑚𝜌𝑠,𝑚𝑔⃗ + 𝜅𝑠𝑓,𝑚(𝑢⃗𝑔 ‒ 𝑢⃗𝑠,𝑚) ‒ 𝜅𝑠𝑠,𝑘,𝑚(𝑢⃗𝑠,𝑘 ‒ 𝑢⃗𝑠,𝑚)
(15)

Here,  and  are the volume fraction and density of the  solids phase. The solids-fluid 𝛼𝑠,𝑚 𝜌𝑠,𝑚 𝑚𝑡ℎ

momentum exchange is calculated using the Gidaspow drag law6, as described in the CFD-DEM 

section. The solids-solids momentum exchange of Gera et al.7 is given by:

𝜅𝑠𝑠,𝑘,𝑚

= 3
𝜋
2

(1 + 𝑒)
(𝑑𝑠,𝑘 + 𝑑𝑠,𝑚)2

2𝜋(𝜌𝑠,𝑘𝑑 3
𝑠,𝑘 + 𝜌𝑠,𝑚𝑑 3

𝑠,𝑚)
𝜌𝑠,𝑘𝜌𝑠,𝑚𝑔0,𝑘𝑚|𝑢⃗𝑠,𝑘 ‒ 𝑢⃗𝑠,𝑚| + 3(1 + 𝑒)𝑐𝑓𝑘𝑚

𝜋2

8

(𝑑𝑠,𝑘 + 𝑑𝑠,𝑚)2

2𝜋(𝜌𝑠,𝑘𝑑 3
𝑠,𝑘 + 𝜌𝑠,𝑚𝑑 3

𝑠,𝑚)
𝜌𝑠,𝑘𝜌𝑠,𝑚𝑔0,𝑘𝑚|𝑢⃗𝑠,𝑘 ‒ 𝑢⃗𝑠,𝑚| +  𝑆𝑐𝑜𝑒𝑓𝑝𝑐

(16)

Here, the subscripts  and  reference solids phases, and  is the diameter of the particles in a 𝑘 𝑚 𝑑𝑠

solids phase. Further,  is the restitution coefficient,  is the coefficient of friction between the 𝑒  𝑐𝑓𝑘𝑚

kth solids phase and the mth solids phase,  is the segregation slope coefficient,  is the 𝑆𝑐𝑜𝑒𝑓 𝑔0,𝑘𝑚

radial distribution function at contact between the and solids phases.  is the solids pressure 𝑘𝑡ℎ 𝑚𝑡ℎ 𝑝𝑐

at a critical state, in which the granular assembly deforms without volume change.



The  solids phase stress tensor is given by:𝑚𝑡ℎ

𝜏̿𝑠,𝑚 = 𝜇𝑠,𝑚(∇𝑢⃗𝑠,𝑚 + ∇𝑢⃗ 𝑇
𝑠,𝑚) ‒

2
3

𝜇𝑠,𝑚(∇ ∙ 𝑢⃗𝑠,𝑚)𝐼̿ (17)

The solids pressure and solids viscosity for the  phase are given by:𝑚𝑡ℎ

𝑝𝑠,𝑚 = 𝑝 𝑘
𝑠,𝑚 + 𝑝 𝑓

𝑠,𝑚 (18)

𝜇𝑠,𝑚 = 𝜇 𝑘
𝑠,𝑚 + 𝜇 𝑓

𝑠,𝑚 (19)

Here, the superscripts  and  refer to kinetic and frictional contributions, respectively.𝑘 𝑓

The Guo-Boyce frictional stress model is given by8:

𝑝𝑐 = { ((𝛼𝑠,𝑚𝑎𝑥 ‒ 𝛼𝑠,𝑚𝑖𝑛𝑓)𝛾̇𝑑𝑠,𝑚)2𝜌𝑠,𝑚

𝛿2
+ 𝐴𝑝𝑐(𝛼𝑠 + 𝛿 ‒ 𝛼𝑠,𝑚𝑎𝑥)

𝑛𝑝𝑐   𝛼𝑠 > (𝛼𝑠,𝑚𝑎𝑥 ‒ 𝛿)  

𝑡1
((𝛼𝑠,𝑚𝑎𝑥 ‒ 𝛼𝑠,𝑚𝑖𝑛𝑓)𝛾̇𝑑𝑠,𝑚)2𝜌𝑠,𝑚

(𝛼𝑠,𝑚𝑎𝑥 ‒ 𝛼𝑠)2
                              𝛼𝑠,𝑚𝑖𝑛𝑓 ≤ 𝛼𝑠 ≤ (𝛼𝑠,𝑚𝑎𝑥 ‒ 𝛿) 

0                                                                                                                            𝛼𝑠 < 𝛼𝑠,𝑚𝑖𝑛𝑓

� (

(20)

𝑡1 =
2 × 𝑎𝑟𝑐𝑡𝑎𝑛⁡[104 × (𝛼𝑠 ‒ 𝛼𝑠,𝑚𝑖𝑛𝑓)]

𝜋

(

(21)

𝑝 𝑓
𝑠,𝑚

𝑝𝑐
= (1 ‒

∇⃗ ∙ 𝑢⃗𝑠,𝑚

𝑛 2sin (𝜙) 𝑆𝑚:𝑆𝑚 +
Θ

𝑑2
𝑝

)𝑛 ‒ 1
𝛼𝑠,𝑚

𝑀 = 2

∑
𝑚 = 1

𝛼𝑠,𝑚

(

(22)

𝜇 𝑓
𝑠,𝑚 =

2𝑝𝑓
𝑠𝑠𝑖𝑛⁡(𝜙)

𝑆𝑚:𝑆𝑚 +
Θ

𝑑2
𝑝

{𝑛 ‒ (𝑛 ‒ 1)(𝑝𝑓
𝑠

𝑝𝑐)
1

𝑛 ‒ 1} 𝛼𝑠,𝑚

𝑀 = 2

∑
𝑚 = 1

𝜀𝑠,𝑚

(

(23)

𝑛 = { 3
2sin (𝜙)

     ∇⃗ ∙ 𝑢⃗𝑠,𝑚 ≥ 0

1.03    ∇⃗ ∙ 𝑢⃗𝑠,𝑚 < 0 � (

(24)

𝜇 𝑓
𝑏𝑢𝑙𝑘 =‒

2
3

𝜇 𝑓
𝑠,𝑚

(

(25)



Here,  is the shear rate,  is the angle of internal friction, S is the deviatoric rate-of-strain tensor, 𝛾̇ 𝜙

and  is the granular temperature. Further, Apc and npc are two constants used in the Schaeffer Θ𝑠

granular stress model9.
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