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The focal point of this supplementary material is the diffusion energy localization of the chemical
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reactants u and v. Additionally, the relationship between the diffusion direction of u and v and the

polymer direction is also explored.

1 Diffusion energy localisation
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Fig. 1 Direction-dependent diffusion coefficient D , the direction-
dependent diffusion energies D“Vhf,v“(f DY u)“/NB) and K2F(=
HP®/Ng) with snapshots of (a)—(g) model 1 and (h)~(n) model 2 for
membranes in R3 for k=3, where R, =0.8. The snapshots are normal-
ized diffusion 12 energies in (d),(e),(k),(I) and 72 in (f),(g),(m),(n).
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The directional TP system (u,v) is also expected to appear on
the stretched membranes in both models such that the TP direc-
tion is identical with the direction along which the diffusion en-
ergy is smaller. To illustrate how the diffusion energy transfers are
observed we plot the direction-dependent diffusion coefficients

", (t=x,y) and energies D" hii (= D" Hyi /Ng), (L =x,) of
model 1 in Figs. [[(a)-(g), where K=3.

The snapshots are normalized diffusion energies 42 (= HP /Np)
and hP(=HP /Ng) corresponding to those of TPs in Fig. 14 in the
main text. The total number of lines is twice as large as the num-
ber of TPs, as the values of 42 and /2 are defined by the squares
of first-order differentials, which are identical at the increasing
and decreasing parts of u and v along the TPs.

As a consequence of the stretching of the membranes, the dif-
fusion energies of u and v are divided into two parts such that

HY = DYHD* + DYHP”Y, H} =D}H}™ + DyH}”, M
where the z components are ignored. In the expressions, the
D", (u=x,y) satisfy Dy" =Dy" in the case of the unstretched
membranes (< Ry, =1). In contrast, the results Dy’ #Dy" are
caused by the 7 orientation on the stretched membranes (& Ry, #
1).

The energy data in Figs. b),(c) show how the isotropic dif-
fusion systems are activated to the directional TP system (u, v) by
the interactions f, g and by the stretching. The plots of huv in
Figs. ‘c),(]) indicate that H?, and Hf, in Eqs. (50) and (51)
in the main text are positively and negatively increasing, respec-
tively, under the stretching. The result 40 > P at R,,=1 in Fig.
[(c) indicates the occurrence of non-trivial and non-directional
energy transfer, due to the interactions f and g, between the dif-
fusion systems of u and v. These diffusion systems are initially
spatially uniform with zero diffusion energy in the absence of in-
teractions. Note that the TP system (u,v) at Ry, =1 corresponds
to non-equilibrium steady state resulting from the non-trivial in-
teractions f and g in Eq. (2) in the main text.

The results of model 2 are plotted in Figs. h)—(n), where
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Fig. 2 Direction-dependent diffusion coefficient D[;", the direction-
dependent diffusion energies DZ‘Vhﬁ'V“(: DZ’VH,E;“/NB), and hf,),R(:
HYR/Ng) with snapshots of (a)~(g) model 1 and (h)~(n) model 2 for
membranes in R? for k=1, where Ryy=0.8. The snapshots are normal-

ized diffusion energies i in (d),(e),(k),(l) and 12 in (f),(g),(m).(n).
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Dj; th (4 =x,y) in Fig. i) are almost symmetric to those of
model 1 in Fig. [I(b) under the exchange x <+ y as expected from
the difference in x and x in Egs. (7), (8) in the main text. The
directional dlffusmn energy transfer is apparent only in model 2.
However, the observed relations between Dy, thv ,(L=ux,y) are
consistent with the TP direction expected to appear in the smaller
Du,v hD,p.

My

The results obtained for k=1 are presented in Figs. a)—(n).
The data for model 1 in Figs. a)—(g) are almost the same as
those for k=3 in Figs. a)—(g). The data of model 2 plotted in
Figs. h),(i) are different from those those of model 1 in Figs.
h),(i). The behaviours of HLIZ Hoys. R,y are the same as those
of DZ"’hﬁ’v” , and therefore, the data in Figs. h),(i) and Figs.
h),(i) satisfy one of the conditions

in both models.

DY < DY < HP™ > HP?,
2
D} < D}« H>* > HD?,
and
DY > DY < HP™ > HP?,
€)]
D} > D)< HP>* > HDY,
where > and < can be exchanged in both sides of "<". These

correspond to Egs. (30) and (31) in the main text for the mem-
brane energy localisation. The TP directions of /2 and h? appear
in the direction along the lower diffusion energies HP* and HPH
for k=3, however, these relations are reversed for k=1 in model
2.
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It is important to provide commentary on the relationship be-
tween the TP direction and the directional diffusion of chemical
reactants # and v. As described above, the diffusion direction of
u and v are identical with the TP directions, which is analogous
to the polymer direction 7. This analogy is exemplified by the
snapshots presented in the main text. Consequently, the diffusion
direction of u and v is found to be parallel to the polymer direc-
tion in both model 1 and model 2 on the stretched polymerized
membranes.
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