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1 The Langevin equations, Rouse modes and the Fokker-Planck
equation

The set of overdamped Langevin equations describing the motion of the polymer is

Xi(t) = —pVx, H + poi fo(X)pi + &(t), (1)
Di(t) = pi x Mi(1), (2)

where ¢ = {0,1,2... N — 1}, N being the number of monomers in the polymer chain, p is the mobility of
the monomers, f, is the active force, which is a function of the spatial coordinates and it acts along the
orientation vector {p;}, which evolves in time due to rotational diffusion. The nature of monomers are taken
care by the parameters {«; }, with a; = 1 and 0 corresponding to active and passive monomers, respectively.
{&:(t)} and {n;(t)} are zero-mean white Gaussian noises such that

<€1(t) ® Ej(8)> = 2DI(52J6(t - 8), (3)
(ni(t) @ny(s)) = 2D 16i;6(t — ), (4)
where D is the thermal diffusivity and D, is the rotational diffusivity, and I is the d x d identity matrix

(d denotes the number of dimensions). The interactions between monomers are modeled by a harmonic
potential and are governed by the Hamiltonian #,

¢
j
where M;; is the connectivity matrix of the polymer and ( is the spring constant.

As done frequently in polymer physics, we obtain the Rouse modes from the physical coordinates of the
monomers via the linear transformation
xi =Y i X, (6)
J

where ¢;; is a matrix that diagonalizes the connectivity matrix M such that > ik piiM jkgogll = %51-1, v =uc
being an inverse timescale due to the spring relaxation. Applying this linear transformation to Eq. (1), we



get the time evolution of the Rouse modes:

Xi = ixi + Y piav(X;)p; + &it), (7)
J

where v(X;) = ufs(X;) is the swim speed of the monomers and {£;(t)} are Gaussian white noises with the
same statlstlcal properties as {&;(t)}.
The corresponding Fokker-Planck equation for Eq. (2) and Eq . (7) is given by

OP=(Lo+ L+ Lp)P, (8)

where P({x}, {p},t) is the joint probability density. The operators in Eq. (8) are defined as
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where V; = V,, and Vi= Vp,-

2 Coarse-graining of the Fokker-Planck Equation

Since we are only interested in the spatial distribution of these polymers, we look for a probability density p
that is only a function of the center of mass of the polymer Xcom = Xxo/V N. To obtain this we carry out
two steps of coarse graining : (i) integrating out all the orientation vectors to obtain a marginal density

o= ((xh6) = [ TLamP(ixh o)) (10)
and (ii) integrating out the rest of the Rouse modes to obtain the probability distribution function pg

o t) = [ T]dxetix. ). (11)

i#0

To carry out the first step of coarse-graining, we expand the joint probability distribution function using
spherical harmonics:

P({x}.{p},t) = ¢+Zm pi+Y o pzpj+zw7- pipi —I/d)+0© |, (12)

1
QN
d i#j
constructed using the eigenfunctions 1, {p;}, {pip; — I/d}, with the eigenvalues 0, —(d — 1), and —2d,
respectively. ¢, 0;, 0;;, and w; are the modes of the expansion and are functions of {x},¢. ¢ is the marginal
density o, {o;} are related to the average orientations, while w contains information about the nematic
order. The function © takes into account all the higher order modes and eigenfunctions. We are interested



the steady state distribution of the density in small gradients, and hence we ignore the {w;}, {o;}, and ©
terms that lead to O(V?) terms after coarse-graining. More details about this can be found in Ref. [1, 2].

The truncated expansion for P thus reads -

P({x}:{p},t) = Qlév <¢+ZO’¢ ~pi> :

Before integrating out the orientation vectors, we define the scalar product
(t9) = [ TLawes (wDstiw)).

and list out the following identities that will be useful while integrating -

(LP)=¢=0,
(p;.P) = 4oy,
(pjp;, P) = é(bL
(pjpK,P) =0,

(1, ViP) =0,
~ 1
<pj7 Z V?P> = _go'jv

(pjpr, Y, ViP) =0.

(20)

(21)

Taking the scalar product of Eq. (8) with 1 and p; gives us the coarse grained dynamics of the first two

modes of the expansion-

9i

3tQ:ZVi '7iXiQ+DViQ_ZSOijajU(Xj)d ,

J

oo;=—1"to; + ZV; “lmixio; + DVio; — pov(X;)0l,
1

where 771 = (d — 1) D,.. The equation for the dynamics of ¢ can be written as a continuity equation

Oo=—> Vi-Ji

where the fluxes are given by

o
Ji = —vixio+ Z%‘jajv(Xj)FJ — DV,o.
J

Proceeding with the second step of coarse-graining, using the definition in Eq. (11), we get

Oipo =—Vo-TJo,

(22)

(23)

(26)



where

Z 0 / H dxnov( i — DVpo, (27)

h#£0

where we have used the fact that 9 = 0 (see Sec. 3 for more details).

Since g satisfies a conserved equation (Eq. (24)), it is the slowest mode [1]. Therefore the time derivative
terms in the time-evolution equation for {o;}’s can be neglected in Eq. (23) as they decay on a much faster
timescale compared to o. Thus, we get -

o; = ZTV[ “mixio; + DVio; — piov(X;)ol . (28)
1

Plugging this into Eq. (27), and isolating the contribution by the active term we get

a(‘f Z Poj /H dXha] o'g;

R0
Z o T / H dxnoo( ZVl [prjajo(X;) ol

h+#£0 l

(20)
J-gct,l

Z YojT / H dxnov( ZVz [xae;] +O(VE),

h+#£0 l

cht,2

where the O(VZ) term is the contribution from the V;o; term in Eq. (28) [3]. To solve for the probability
distribution function pg analytically, we consider a small gradient approximation, in which the contribution
of the O(V2) or higher terms to the expression of the flux Jy can be neglected. Therefore, we shall ignore
such terms in the rest of our calculations.

To calculate J SCt’l, we split the summation over [ into terms with [ = 0 and [ ## 0. The latter gives

- Z 20T / I dxnesv(X;) Y Vi [eie50(X;)el (30)

h+£0 1#0
Z $oj / H dxnVNaZepij0V0 (v1(X;)), (31)
] 140 R0
T 2 2 X0
=57 Z a¢i; | poVo ( ( >) + O(V2), (32)
2d 4,10 VN
51

where we have used integration by parts and

Vio(X;) = VNei; Vou(X;), (33)

Vor?(X;) = Vou? (ei;x1) = Vov?(vo;x0) + O(V3), (34)
1

(35)

Po; = ﬁ



The I = 0 term is simplified as

_Z 0T /dehaj

h#0
_ T 2 2
Y] [Z @jP0;
J
N—————

Sa

poVo (’02
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where the summation Sy can be simplified using Eq. (35) to obtain -

Combining the two terms we get

act T
Ty = 5g 51 = 52)PVo <U2 < e

%))

£,2
Representing J "

we have

I, = Z ®Yo; T

_ $Yo;T
_zj:_ d]

ngt’2 —

>

/ H dxnov(

h+#£0

h+#£0

Substituting the expression for o; using Eq. (28) -

I, = Z PojT Z/ H dxn [Vi (ajo(X5))] - vixi [Vin (9mjav(X5)0) = Vi - (YmXmj)] + O(V(Q))'

h+£0

The first term is simplified as

Zwo] Z/HdXh Vi (v

h+#0

T X
— gSQ'UZ <\/ON> Vopo + O(Vg)
Ila
) [V (vxaoj)],

/ T dxn (V1 (a0(X))] - vixior;.

X)) vixi [V (pmjajo(X;)e)]

Z A /HdXh Vi (av( X)) npijav(X;)e + O(VF),

h#£0
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The second term simplifies to

_XY% E;/HimVH% X)) -1t Vo - (Y Xm5)] (48)

m h#0
=> (PO;T / 1T @xn (Vi (e0(X)] - vvxao; + O(V9), (49)
J h£0
= —1yZ; + O(V}). (50)

Combining the two terms and substituting in Eq. (40), we get

act,2 T ™V 2 92 2 X0
= —— e V . 1
JO 2d %j 1 + 7 P15 | PoVo ('U < /7N>> (5 )

ST

Therefore the complete expression for the flux Jo (Eq. (27)) is

To= é(s1 — S3)poVo (’U2 (3/%)) [D + L 80 (\’/‘Nﬂ Voso, (52)

where 51 = S| — ST,
N—

2
Z o2, 53
1+T’Vl lJ J ( )

=1,j

We now change the variable to Xcom = X0/ VN and rewrite the coarse-grained Fokker-Planck equation
in terms of the function p(Xcowm,t) = po(xo,t). Dropping subscripts and the arguments, the flux in Eq.
(52) can be written as

T = pV - V(Dp), (54)

where the gradients are with respect to the centre of mass coordinates and ¥V and D are the effective drift
and effective diffusion coefficient, respectively, given by

T (S1+ 85
V(Xcom) = dN ( L 5 2) V (v* (Xcom)) ,
(55)
D(Xcom) = — (D+15 v (X ))
com) = 72 com) | -
The two terms are related by V = (1 — §)VD, where
%5
~5_5 (56)
3 Eigenvectors and eigenvalues for a linear chain
The eigenvector matrix for a linear chain can be obtained as [4]-
/1
i = , (57)
JEeos(EG+D). (40



and the normalized eigenvalues are given by -

. I
1 = 4ysin? (2N> . (58)

It can be easily verified that |¢;;| or %0123‘ is invariant for j — N — 1 — j. Consider a polymer whose active
monomers are distributed symmetrically along the chain (ex - both end monomers active). It can now be
shown, using the invariance of qbfj under the aforementioned transformation, that the values of S (Eq. (53))
and Ss (the fraction of active monomers in the polymer) are twice their values for the corresponding case
when only one half of the polymer has active monomers (ex - only one end monomer active). This gives us
the same value of epsilon (Eq. (56)) for both cases.

3.1 Comparison between end monomer active and central monomer active
For a polymer with one end monomer active, we have:

N—-1 N-1

1 2 cos? (Lz
Send Z ¢lO (.22 ) (59)

while for a polymer with the central monomer active:

" N-1 9 N-1 cos? (M)
sz ﬁ “ Lo (60)
= 1+7"n l2 N = 1+ 477sin? (2IN)
For both cases .
So = N (61)
In the limit of N > 1 we can rewrite S7*'¢ as
N—1 N—-1
- 2 1
Spd = N Iy (62)
=27 1+ 477sin ( P 14+ 47’7 sin (ﬁ)
In this limiting case we can introduce the continuous limit according to
I m
=—, dg=— 2}.
4= 550 4= 55 1€{0,7/2} (63)
Then we obtain . )
1 [z V1i4+4k -1 1
st = 1 Mg S (64)
7 Jo 1+ 4rksin” g 8K 4rt/
and .
. 1 2 1 1 1
szd E— d — ~ . 65
VT on Jy M desin?g AVTrdn Ski/2 (65)
Here, we have introduced the activity parameter
-
-7y = — 66
K =Ty pl (66)

which is the ratio of the persistence time of the direction of the active force and the diffusive monomer
relaxation time, 7,,. Since active motion of the monomers should be always dominant we can safely assume



k > 1 which leads to the asymptotic expressions in Eq. (64) and (65). In this limit the exponent € =
(Sg — S1)/S2 which determines the degree of stationary anti-chemotactic behavior reads

N
—€end = m
For chemotactic behavior (e < 0), we require N? > k, or 7 < 7, N?> = 7x, which means that the active
persistence time should be much smaller than the diffusive relaxation time, or Rouse time, of the whole
chain. We note that the relation |eqnq| > |€mid| holds generally using the exact results in Eq.(64) and (65)
for k > 1.
Within the same limit can consider the result for the all-active chain, i.e. Yoy = 1, For this case obtain

— 1 —2€m4a - (67)

N-1

1 .
Sall _ - N. Send and Sall —1=N- Send,mzd 7 68
Z 1+ 7ysin® () 2 (68)

where we have used the normalization condition of the eigenfunctions in Eq.(53). Thus, we obtain the large
N limit:
|€end| =~ 2‘€mid‘ ~ 2|6all| . (69)

4 Semiflexible polymers

We can extend our study to semiflexible polymers by incorporating bending interactions in the Hamiltonian

as -
M= 5 (X = X0+ 3 L (Re — i), (10)

where (; is the bending stiffness. This quadratic bending term [5, 6] allows us to use our theoretiacal
framework to solve for the probability density function p analytically. The Hamiltonian can then be written
as -

Z MEX; - (71)

where Meft ig
T — (M + &M, (72)

Here M and M, are the Rouse connectivity matrix and the bending connectivity matrix (which can be
derived from Eq. (70)), respectively.
The expressions for p, €, and So remain unchanged from the flexible case. However, S; now becomes -

N-1

1 2
S1 = Z AT (73)
=150 1+ 7y

where ¢°% is the diagonalizing matrix of Mef: ij @ZHMQHQOM = \;8i1, \i being the eigenvalues, and ~¢s
are the rescaled eigenvalues ﬁﬂ = ;.

The results for the semiflexible case are presented in Fig. 1. The left panel presents the results for the
most chemotactic chain of length N = 6 - only the leading monomer is active, for different values of (. We
see that as we increase (3, the degree of self-localization at the region of maximum activity reduces. This
effect of the bending stiffness can be exploited to reverse the accumulation behavior of flexible chemotactic
chains as shown in the right panel of Fig. 1, which is the semiflexible counterpart of Fig. 2 of the main
text with ¢, = 32. In the flexible case, one can see that all polymer configurations are chemotactic (Fig. 2
of the main text). However, for (;, = 32, we observe that apart from the polymers with either or both end
monomers active, the other configurations show anti-chemotactic behavior.
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Figure 1: The steady state density profiles for (left) various values of the bending stiffness ¢, of a polymer
with only the leading monomer active, and (right) various configurations of a polymer with bending stiffness
(» = 32. For both cases, chain length N =6, (=8, D, =5, p =1, and D =1 in a box of length L = 100
that has a sinusoidally varying activity profile in the x-direction: fs(z) = 20 (1 + sin (Q’TT“”)) as depicted.
The densities are normalized by p, = 1/L. The solid lines represent analytical predictions and the symbols

represent Langevin dynamics simulation results.

5 Mean first passage time (MFPT)

The coarse grained Fokker-Planck Equation can be rewritten as

op

L—-v. ((1 - %) VDp) + V2(Dp). (74)

Following the procedure in Sec 5.2 in [7], the equation of the mean first passage time T'(x) for a one
dimensional problem with absorbing barriers at a and b, and x being the initial position of the polymer’s
center of mass is

((1 - %) awp) 0,T(z) + DOT(z) = —1, (75)

which can be solved analytically to yield,
z dy b _dy Y dzy(2) b dy oz dy Y dzy(z)
fa () fx v(') fa D(2) fx YY) fa Y () fa D(z)

b d )
L. 55

T(z) =

where ¢(x) is the integrating factor, given by -

P(x) = exp (/I dm’W) : (77)

We are interested in calculating the MFPT for a polymer in reaching the location of maximum activity
starting from the center of a box with length L = 100. Since we consider a periodically varying activity
field fs(z) = 20(1 + sin(27x/L)), we apply absorbing boundary conditions at « = 25 and 125 i.e ¢ = 25 and
b = 125. Setting t,, = T'(50), we get the required MFPT.
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