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Supplementary Data: Critical points of the homogeneous free energy equation

The homogeneous form of the full free energy:
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a = a0(T − TNI);α = α0(T − TAI)

is derived assuming an ideal smectic-A phase where the tensorial and complex
order parameters take the form:
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where x/y/z are the coordinate axes and q = 2π
d is the magnitude of the smectic-

A density wave vector. Substituting eqns. 2-3 into eqn. 1 and simplifying yields
the homogeneous free energy density:
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a function of four scalar order parameters and temperature. By parameteriza-
tion of the homogeneous free energy (neglecting biaxiality), the critical values of
eqn. 4 can be determined using the requirement of the first derivatives equaling
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Using the resulting equation system eqn. 5-8, critical values of the homogeneous
free energy eqn. 4 can be determined by assuming the existence of different
liquid crystalline states:

1. Uniaxial nematic: S 6= 0;P,ψ, q = 0, these assumptions result in the
solution of the standard nematic equations:
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2. Biaxial nematic: S, P 6= 0;ψ, q = 0:
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3. Uniaxial smectic-A: S, ψ, q 6= 0;P = 0, where the roots of eqn. 11 must
be numerically determined:
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4. Biaxial smectic-A: S, P, ψ, q 6= 0, where the same numerical procedure as
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used for the uniaxial smectic solution can be used used:
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Finally, solutions from all four states (uniaxial/biaxial nematic and uniaxial/biaxial
smectic-A) must be classified and imaginary solutions discarded. Critical point
values can be classified by computationally determining the Hessian matrix of
eqn. 4 associated with each solution:

Hij =
∂2f

∂i∂j
(18)

where i, j = {S, P, ψ, q} and the determinant of the Hessian matrix is used to
classify the critical value.
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